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Abstract  

 In this paper, we establish some new non-linear retarded  integro-differential inequalities 

in tow and n independent variables. 
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INTRODUCTION 

The study of integral inequalities involving functions of one 

or more independent variables Is an important tool in the 

study of existence, uniqueness, bounds, stability, invariant 

manifolds and other qualitative properties of solutions of 

differential equations and integral equations (see : [1-6, 

8,12]). 

    The study of integro-differential inequalities for 

functions of two or n variables is very significant and plays 

a role in the study of the existence and uniqueness of the 

solutions of Wendroff type integro-differential inequalities 

and equations as well as the boundedness of the solutions of 

the initial value problem of non-linear retarded hyperbolic 

partial integro-differential equations for functions of two or 

n variables [9-11]. 

    Pachpatte [7] presented some new non-linear integro-

differential inequalities of the Wendroff type for two-

variable functions.  

Lemma 1. (See Theorem 1 [7]) Let Φ(𝑥, 𝑦) and 𝑐(𝑥, 𝑦) be 

non-negative continuous functions defined for 𝑥 ≥ 0, 𝑦 ≥
0, and Φ(0, 𝑦) = Φ(𝑥, 0) = 0 for which the inequality  

Φ𝑥𝑦(𝑥, 𝑦) ≤ 𝑎(𝑥) + 𝑏(𝑦)

+ ∫

𝑥

0

∫𝑐(𝑠, 𝑡) (Φ(𝑠, 𝑡)

𝑦

0

+Φ𝑥𝑦(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡, 

holds for 𝑥 ≥ 0, 𝑦 ≥ 0, where 𝑎(𝑥), 𝑏(𝑦) ≥
0;  𝑎′(𝑥), 𝑏′(𝑦) ≥ 0 are continuous functions defined for 

𝑥 ≥ 0, 𝑦 ≥ 0. Then 

Φ𝑥𝑦(𝑥, 𝑦) ≤ 𝑎(𝑥) + 𝑏(𝑦) +

∫ ∫ 𝑐(𝑠, 𝑡) [
[𝑎(0)+𝑏(𝑡)][𝑎(𝑠)+𝑏(0)]

[𝑎(0)+𝑏(0)]
] exp (∫ ∫ [1 +

𝑡

0

𝑠

0

𝑦

0

𝑥

0

𝑐(𝜏, 𝜎)]𝑑𝜏𝑑𝜎) 𝑑𝑠𝑑𝑡  

Our main aim here, motivated by the works of Pachppate  

[7] , Zhang, H. and Meng [12] , is to  stablish some new 

non-linear retarded integro-differential inequalities for 

functions with tow and n independent variables which are 

useful in the analysis of certain classes of partial differential 

equations and integro-differential  inequalities. Some 

applications of our results are also given    

 Throughout this paper, we denote ℝ+
𝑛 = [0,∞[ which is a 

subset of ℝ+
𝑛 , (𝑛 ≥ 1). All the functions which appear in the 

inequalities are assumed to be real valued of 𝑛 -variables 

(𝑛 ≥ 1)which are non-negative and continuous. All 

integrals are assumed to exist on their domains of 

definitions. 

We note 𝐷 = 𝐷1𝐷2⋯𝐷𝑛, where𝐷𝑖 , for 𝑖 = 1,2,⋯ , 𝑛. 

II. MAIN RESULTS 

In this section, we present some results of non-linear 

retarded integro-differential inequalities in two independent 

variables. 

Theorem 2. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 𝑎(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 

𝐷𝑢(𝑥, 𝑦) be non-negative continuous functions for all 𝑖 =
1,2 defined for 𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-

decreasing functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on 

ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+. Let 𝑐(𝑥, 𝑦) be non-decreasing in 

each variable 𝑥, 𝑦 ∈ ℝ+, and 

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0. 

 If 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)

+ ∫

∞

𝛼(𝑥)

∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡)
∞

𝛽(𝑦)

+ 𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡, 

 

(2.1) 

for all 𝑥, 𝑦 ∈ ℝ+, then 

𝐷𝑢(𝑥, 𝑦)

≤ 𝑐(𝑥, 𝑦) ∫ ∫ 𝑎(𝑠, 𝑡)𝑒𝑥𝑝 [∫ ∫ [𝑎(𝜏, 𝜎)]𝑑𝜏𝑑𝜎,
∞

𝑡

∞

𝑠

] 𝑑𝑠𝑑𝑡,
∞

𝛽(𝑦)

∞

𝛼(𝑥)

 

 

(2.2) 

 

For all 𝑥, 𝑦 ∈ ℝ+. 

Proof: Fix any 𝑋, 𝑌 ∈ ℝ+. Then, for 𝑥 ≤ 𝑋 and 𝑦 ≤ 𝑌, we 

have 
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𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑋, 𝑌) + ∫ ∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡) +
∞

𝛽(𝑦)

∞

𝛼(𝑥)

𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡,  

Define a function 𝑧(𝑥, 𝑦) by 

𝑧(𝑥, 𝑦) = 𝑐(𝑋, 𝑌) + ∫ ∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡)
∞

𝛽(𝑦)

∞

𝛼(𝑥)

+ 𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡, 

 

(2.3) 

Then 

lim
𝑥→∞

𝑧(𝑥, 𝑦) = lim
𝑥→∞

𝑧(𝑥, 𝑦) = 𝑐(𝑋, 𝑌), 

And 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦). 
(2.4) 

By differentiating (2.3) 

𝐷𝑧(𝑥, 𝑦)

≤ 𝑎(𝛼(𝑥), 𝛽(𝑦))[𝑢(𝛼(𝑥), 𝛽(𝑦))

+ 𝐷𝑢(𝛼(𝑥), 𝛽(𝑦))]𝛼′(𝑥)𝛽′(𝑦) 

(2.5) 

By integrating both sides of (2.4) 

𝐷𝑢(𝑥, 𝑦) ≤ ∫ ∫ 𝑧(𝑠, 𝑡)𝑑𝑠𝑑𝑡,
∞

𝛽(𝑦)

∞

𝛼(𝑥)

 

 

(2.6) 

Now, using (2.4) and (2.6) in (2.5), we get 

𝐷𝑧(𝑥, 𝑦) ≤ 𝑎(𝛼(𝑥), 𝛽(𝑦)) [𝑧(𝑥, 𝑦) +

∫ ∫ 𝑧(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
] 𝛼′(𝑥)𝛽′(𝑦).  

 

(2.7) 

If we put 

𝑣(𝑥, 𝑦) = 𝑧(𝑥, 𝑦) + ∫ ∫ 𝑧(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

,  
 

(2.8) 

then 

lim
𝑥→∞

𝑧(𝑥, 𝑦) = lim
𝑦→∞

𝑧(𝑥, 𝑦) = 𝑐(𝑋, 𝑌),  

and  

𝐷𝑣(𝑥, 𝑦) ≤ 𝐷𝑧(𝑥, 𝑦) + 𝑧(𝑥, 𝑦)𝛼′(𝑥)𝛽′(𝑦). 

using the fact that  

𝐷𝑧(𝑥, 𝑦) ≤ 𝑎(𝛼(𝑥), 𝛽(𝑦))𝑣(𝑥, 𝑦)𝛼′(𝑥)𝛽′(𝑦) 

from (2.7) form (2.8) we have 

𝐷𝑣(𝑥, 𝑦) ≤ [1 + 𝑎(𝑥, 𝑦)]𝑣(𝑥, 𝑦)𝛼′(𝑥)𝛽′(𝑦). 

It is easy to estimate 𝑣(𝑥, 𝑦) by 

𝑣(𝑥, 𝑦) ≤ 𝑐(𝑋, 𝑌) ∫ ∫ [1 + 𝑎(𝑠, 𝑡)]𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

.  
 

(2.9) 

By substituting (2.9) in (2.7) and integrating both sides, we 

get 

𝑧(𝑥, 𝑦)

≤ 𝑐(𝑋, 𝑌) ∫ ∫ 𝑎(𝑠, 𝑡)𝑒𝑥𝑝 [∫ ∫ [𝑎(𝜏, 𝜎)]𝑑𝜏𝑑𝜎,
∞

𝑡

∞

𝑠

] 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

. 

Since 𝑋 and 𝑌 are arbitraries and by substituting the value 

of 𝑧(𝑥, 𝑦) in (2.4), we obtain the inequality (2.2). 

Remark 1 If we put ∞ = 0, 𝛼(𝑥) = 𝑥, 𝛽(𝑦) = 𝑦, and 

𝑐(𝑥, 𝑦) = 𝑐1(𝑥) + 𝑐2(𝑦) in Theorem 2 we obtain Theorem 

1 in [7]. 

Corollary 3. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 𝑎(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 

𝐷𝑢(𝑥, 𝑦) be non-negative continuous functions for all 𝑖 =
1,2 defined for 𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-

decreasing functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on 

ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+. Let 𝑐(𝑥, 𝑦) be non-decreasing in 

each variable 𝑥, 𝑦 ∈ ℝ+, and 

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0, 

 If 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) + 𝑀 [𝑢(𝑥, 𝑦) +

∫ ∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡) + 𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
],  

 

(2.10) 

for all 𝑥, 𝑦 ∈ ℝ+, where 𝑀 > 0 is constant, then 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ [𝑀
∞

𝛽(𝑦)

∞

𝛼(𝑥)

+𝑀𝑎(𝑠, 𝑡) + 𝑎(𝑠, 𝑡)]𝑑𝑠𝑑𝑡, 

 

(2.11) 

for all 𝑥, 𝑦 ∈ ℝ+. 

Proof : Fix any 𝑋, 𝑌 ∈ ℝ+. Then, for 𝑥 ≤ 𝑋 and 𝑦 ≤ 𝑌, then 

from (2.10) 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑋, 𝑌) + 𝑀 [𝑢(𝑥, 𝑦) +

∫ ∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡) + 𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
],  

Define a function 𝑧(𝑥, 𝑦) by 

𝑧(𝑥, 𝑦) = 𝑐(𝑋, 𝑌) + 𝑀 [𝑢(𝑥, 𝑦) +

∫ ∫ 𝑎(𝑠, 𝑡)[𝑢(𝑠, 𝑡) + 𝐷𝑢(𝑠, 𝑡)]𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
],  

 

(2.12) 

Then 

lim
𝑥→∞

𝑧(𝑥, 𝑦) = lim
𝑥→∞

𝑧(𝑥, 𝑦) = 𝑐(𝑋, 𝑌) 

And 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦). (2.13) 

By differentiating (2.12) and using (2.13), we have 

𝐷𝑧(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦)[𝑀 +𝑀𝑎(𝛼(𝑥), 𝛽(𝑦))

+ 𝑎(𝛼(𝑥), 𝛽(𝑦))]𝛼′(𝑥)𝛽′(𝑦), 
Therefore 

𝑧(𝑥, 𝑦) ≤ 𝑐(𝑋, 𝑌)𝑒𝑥𝑝 ∫ ∫ [𝑀 +𝑀𝑎(𝑠, 𝑡) +
∞

𝛽(𝑦)

∞

𝛼(𝑥)

𝑎(𝑠, 𝑡)]𝑑𝑠𝑑𝑡,  
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Since 𝑋 and 𝑌 are arbitraries and by substituting the value 

of 𝑧(𝑥, 𝑦) in (2.13), we obtain the inequality (2.11). 

Remark 2. If we put ∞ = 𝟎, 𝜶(𝒙) = 𝒙, 𝜷(𝒚) = 𝒚, and 

𝒄(𝒙, 𝒚) = 𝒄𝟏(𝒙) + 𝒄𝟐(𝒚) in corollary 3 we obtain theorem 

2 in [8]. 

Corollary 4. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 𝑎(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 

𝐷𝑢(𝑥, 𝑦) be non-negative continuous functions for all 𝑖 =
1,2 defined for 𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-

decreasing functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on 

ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+. Let 𝑐(𝑥, 𝑦) be non-decreasing in 

each variable 𝑥, 𝑦 ∈ ℝ+, and 

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0, 

If  

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) + 𝑀 [𝑢(𝑥, 𝑦) +

∫ ∫ 𝑎(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
],  

for all 𝑥, 𝑦 ∈ ℝ+, where 𝑀 > 0 is constant, then 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ 𝑀[𝑎(𝑠, 𝑡) + 1]𝑑𝑠𝑑𝑡,
∞

𝛽(𝑦)

∞

𝛼(𝑥)

 

for all 𝑥, 𝑦 ∈ ℝ+. 

Proof : The proof of this Corollary follows the same 

arguments as in Corollary 3. 

Remark 3. If we put ∞ = 0, 𝛼(𝑥) = 𝑥, 𝛽(𝑦) = 𝑦, and 

𝑐(𝑥, 𝑦) = 𝑐1(𝑥) + 𝑐2(𝑦) in Corollary 4 we obtain the result  

in [12]. 

Theorem 5. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦) be 

non-negative continuous functions defined for 𝑥, 𝑦 ∈ ℝ+ 

and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-decreasing functions in each 

variable, with 𝛼(𝑥) ≥ 𝑥 on ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+. Let 

𝑐(𝑥, 𝑦) be non-decreasing in each variable 𝑥, 𝑦 ∈ ℝ+. If 

𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) +

∫ ∫ 𝑎(𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
                                                +

∫ ∫ 𝑎(𝑠, 𝑡)[∫ ∫ 𝑏(𝜏, 𝜎)𝑢(𝜏, 𝜎)𝑑𝜏𝑑𝜎 
∞

𝑡

∞

𝑠
]𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
,          

 

 

(2.14) 

For all 𝑥, 𝑦 ∈ ℝ+, then 

𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ 𝑎(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
  

  + ∫ ∫ 𝑎(𝑠, 𝑡)[∫ ∫ 𝑏(𝜏, 𝜎)𝑑𝜏𝑑𝜎 
∞

𝑡

∞

𝑠
]𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
,  

 

 

(2.15) 
 

For all 𝑥, 𝑦 ∈ ℝ+. 

Proof: Since 𝑐(𝑥, 𝑦) is non-negative and non-decreasing, 

from (2.14) we have 
𝑢(𝑥,𝑦)

𝑐(𝑥,𝑦)
≤ 1 + ∫ ∫ 𝑎(𝑠, 𝑡)

𝑢(𝑠,𝑡)

𝑐(𝑠,𝑡)
𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
+

∫ ∫ 𝑎(𝑠, 𝑡) [∫ ∫ 𝑏(𝜏, 𝜎)
𝑢(𝜏,𝜎)

𝑐(𝜏,𝜎)
𝑑𝜏𝑑𝜎 

∞

𝑡

∞

𝑠
] 𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
,  

Define a function 𝑧(𝑥, 𝑦) by the right side of the last 

inequality. Then 𝑧(𝑥, 𝑦) ≥ 0, 

lim
𝑥→∞

𝑧(𝑥, 𝑦) = lim
𝑥→∞

𝑧(𝑥, 𝑦) = 1,
𝑢(𝑥, 𝑦)

𝑐(𝑥, 𝑦)
≤ 𝑧(𝑥, 𝑦), 

and 

𝐷𝑧(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦) [𝑎(𝑥, 𝑦) +

𝑎(𝑥, 𝑦) ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
] 𝛼′(𝑥)𝛽′(𝑦).  

i.e 

𝐷𝑧(𝑥, 𝑦). 𝑧(𝑥, 𝑦)

𝑧2(𝑥, 𝑦)
−
𝐷1𝑧(𝑥, 𝑦)𝐷2𝑧(𝑥, 𝑦)

𝑧2(𝑥, 𝑦)

≤ [𝑎(𝑥, 𝑦) + 𝑎(𝑥, 𝑦) ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

] 𝛼′(𝑥)𝛽′(𝑦). 

Thus 

𝐷2 [
𝐷1𝑧(𝑥,𝑦)

𝑧(𝑥,𝑦)
] ≤ [𝑎(𝑥, 𝑦) +

𝑎(𝑥, 𝑦) ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
] 𝛼′(𝑥)𝛽′(𝑦),  

 

(2.16) 

By keeping 𝑦 fixed, setting 𝑥 = 𝑠, and integrating from 

𝛼(𝑥) to ∞ in (2.16), and again by keeping 𝑥 fixed, setting 

𝑦 = 𝑡, and integrating from 𝛽(𝑦) to ∞ in the resulting 

inequality, we have 

𝑧(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ 𝑎(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
+

∫ ∫ 𝑎(𝑠, 𝑡)[∫ ∫ 𝑏(𝜏, 𝜎)𝑑𝜏𝑑𝜎 
∞

𝑡

∞

𝑠
]𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
.  

Finally, since 

𝑢(𝑥, 𝑦)

𝑐(𝑥, 𝑦)
≤ 𝑧(𝑥, 𝑦) 

We obtain the inequality (2.15). 

Remark 4. 

1. If we put ∞ = 0, 𝛼(𝑥) = 𝑥, 𝛽(𝑦) = 𝑦, and 𝑐(𝑥, 𝑦) =

𝑐1(𝑥) + 𝑐2(𝑦) in theorem 5 we obtain theorem 3 |7]. 

2. In the particular case when 𝑏(𝑥, 𝑦) = 0, then the bound 

obtained in [8] reduces to : 

𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ 𝑎(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

. 
 

(2.17) 

Theorem 6. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 

𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦), 𝑓(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 𝐷𝑢(𝑥, 𝑦) be non-

negative continuous functions for all 𝑖 = 1,2 defined for 

𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-decreasing 

functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on ℝ+, and 

𝛽(𝑦) ≥ 𝑦 on ℝ+.  

And  
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lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0 

Let 𝐾(𝑢(𝑥, 𝑦)) be a real-valued, positive, continuous, 

strictly non-decreasing, sub-additive, and sub-

multiplicative function for 𝑢(𝑥, 𝑦) ≥ 0, and 𝐻(𝑢(𝑥, 𝑦)) be 

a real-valued, positive, continuous and non-decrasing 

function defined for 𝑥, 𝑦 ∈ ℝ+. Assume that 𝑐(𝑥, 𝑦) and 

𝑓(𝑥, 𝑦) are non-decreasing in each of the variables 𝑥, 𝑦 ∈
ℝ+. If 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) +

𝑓(𝑥, 𝑦)𝐻 (∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
) +

∫ ∫ 𝑏(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
,  

 

 

(2.18) 

for all 𝑥, 𝑦 ∈ ℝ+, then 

𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) + 𝑓(𝑥, 𝑦)𝐻 (𝐺−1 [𝐺(𝜉) +

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
]) 𝑝(𝑥, 𝑦),   

 

 

 

(2.19) 
for all 𝑥, 𝑦 ∈ ℝ+, where 

𝑝(𝑥, 𝑦)

= ∫ ∫ 𝑒𝑥𝑝 [∫ ∫ 𝑏(𝜏, 𝜎)𝑑𝜏𝑑𝜎 
∞

𝑡

∞

𝑠

] 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

.  

 

(2.20) 

𝜉 = ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑐(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

0

∞

0

.  

 

(2.21) 

𝐺(𝑟) = ∫
𝑑𝑠

𝐾(𝐻(𝑠))

∞

𝑟

.  
 

(2.22) 

Where 𝐺−1 is the inverse function of 𝐺, and  

𝐺(𝜉) + ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
∈

𝑑𝑜𝑚(𝐺−1)  

for all 𝑥, 𝑦 ∈ ℝ+. 

Proof : Define a function 𝑧(𝑥, 𝑦) by 

𝑧(𝑥, 𝑦) = 𝑐(𝑥, 𝑦) +

𝑓(𝑥, 𝑦)𝐻 (∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
),    

 

(2.23) 

then from (2.18), we have 

𝐷𝑢(𝑥, 𝑦)

≤ 𝑧(𝑥, 𝑦) + ∫ ∫ 𝑏(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

.   

 

(2.24) 

Clearly, 𝑧(𝑥, 𝑦) is a positive, continuous, and decreasing 

function in each of the variables 𝑥, 𝑦 ∈ ℝ+. Using (2.17) 
from Theorem 5 in (2.24), we get 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦)𝑒𝑥𝑝 ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

.  
 

(2.25) 

By integration, first with respect to 𝑥 from 𝑥 to ∞, and then 

with respect to 𝑦 from 𝑦 to ∞in the last inequality, we obtain 

𝑢(𝑥, 𝑦) ≤ 𝑧(𝑥, 𝑦)𝑝(𝑥, 𝑦).  (2.26) 

where 𝑝(𝑥, 𝑦) is defined in (2.20). From (2.23)we have 

𝑧(𝑥, 𝑦) = 𝑐(𝑥, 𝑦) + 𝑓(𝑥, 𝑦)𝐻(𝑣(𝑥, 𝑦)),  (2.27) 

where 

𝑣(𝑥, 𝑦) = ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

.  
 

(2.28) 

Now, using (2.27) in (2.26)we get 

𝑢(𝑥, 𝑦) ≤ [𝑐(𝑥, 𝑦) + 𝑓(𝑥, 𝑦)𝐻(𝑣(𝑥, 𝑦))]𝑝(𝑥, 𝑦).  (2.29) 

From (2.28) and (2.29) and since 𝐾 is a sub-additive and 

sub-multiplicative function, we obtain 

𝑣(𝑥, 𝑦) ≤ ∫ ∫ 𝑎(𝑠, 𝑡)𝐾 ([𝑐(𝑠, 𝑡) +
∞

𝛽(𝑦)

∞

𝛼(𝑥)

𝑓(𝑠, 𝑡)𝐻(𝑣(𝑠, 𝑡))]𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡 ≤

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑐(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
+

∫ ∫ 𝑎(𝑠, 𝑡)𝐾 (𝑓(𝑠, 𝑡)𝐻(𝑣(𝑠, 𝑡))𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
.  

Therefore 

𝑣(𝑥, 𝑦) ≤ ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑐(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

0

∞

0
+

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝐾 (𝐻(𝑣(𝑠, 𝑡))) 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
.  

Define a function Φ(𝑥, 𝑦) by 

Φ(𝑥, 𝑦) = ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑐(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

0

∞

0
+

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝐾 (𝐻(𝑣(𝑠, 𝑡))) 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
.   

 

 

 

(2.30) 
Then 
 

lim
𝑥→∞

Φ(𝑥, 𝑦) = lim
𝑦→∞

Φ(𝑥, 𝑦)

= ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑐(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

0

∞

0

= 𝜉.  

 

(2.31) 

and 

v(𝑥, 𝑦) ≤ Φ(𝑥, 𝑦). (2.32) 

Clearly, Φ(𝑥, 𝑦) is a positive and decreasing function in 𝑦, 

then 

𝐷1Φ(𝑥, 𝑦)

= −∫ 𝑎(𝛼(𝑥), 𝑡)𝐾(𝑓(𝛼(𝑥), 𝑡)𝑝(𝛼(𝑥), 𝑡))𝐾 (𝐻(𝑣(𝛼(𝑥), 𝑡))) 𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

𝛼′(𝑥)

≥ −𝐾 (𝐻(Φ(𝑥, 𝑦)))∫ 𝑎(𝛼(𝑥), 𝑡)𝐾(𝑓(𝛼(𝑥), 𝑡)𝑝(𝛼(𝑥), 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

𝛼′(𝑥). 

i.e 
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𝐷1Φ(𝑥, 𝑦)

𝐾 (𝐻(Φ(𝑥, 𝑦)))

≥ −∫ 𝑎(𝛼(𝑥), 𝑡)𝐾(𝑓(𝛼(𝑥), 𝑡)𝑝(𝛼(𝑥), 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

𝛼′(𝑥).   

 

(2.33) 

From  (2.22) we have 

𝐷1G(Φ(𝑥, 𝑦))

=
𝐷1Φ(𝑥, 𝑦)

𝐾 (𝐻(Φ(𝑥, 𝑦)))
                                                                                                       

≥ −∫ 𝑎(𝛼(𝑥), 𝑡)𝐾(𝑓(𝛼(𝑥), 𝑡)𝑝(𝛼(𝑥), 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

𝛼′(𝑥).   

 

(2.34) 

Now, by setting 𝑥 = 𝑠 and integrating from 𝑥 to ∞ in 
(2.34), and using (2.31) we get 

Φ(𝑥, 𝑦) ≤ 𝐺−1 [𝐺(𝜉) +

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
],    

 

(2.35) 

Finally, by substituting (2.27), (2.32) and (2.25), (2.35) 
we obtain the inequality (2.19). 

Remark 5. 

1. From the inequalities (2.29), (2.32) and (2.35) in the 

proof of Theorem 6 we can find this inequality 

u(𝑥, 𝑦) ≤ c(𝑥, 𝑦) + f(𝑥, 𝑦)𝐻 (𝐺−1 [𝐺(𝜉) +

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑓(𝑠, 𝑡)𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
]) p(𝑥, 𝑦).  

2. If we put ∞ = 0, 𝛼(𝑥) = 𝑥, 𝛽(𝑦) = 𝑦, and 𝑐(𝑥, 𝑦) =
𝑐1(𝑥) + 𝑐2(𝑦), f(𝑥, 𝑦) = 1, H(𝑥) = K(𝑥) = 𝑥 in 

theorem 6 we obtain Theorem 1 [12]. 

Corollary 7. Let 𝑢(𝑥, 𝑦), 𝑐(𝑥, 𝑦) and 

𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 𝐷𝑢(𝑥, 𝑦) be non-negative 

continuous functions for all 𝑖 = 1,2 defined for 𝑥, 𝑦 ∈ ℝ+ 

and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-decreasing functions in each 

variable, with 𝛼(𝑥) ≥ 𝑥 on ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+.  

And  

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0 

Let 𝐾(𝑢(𝑥, 𝑦)) be a real-valued, positive, continuous, 

strictly non-decreasing, sub-additive, and sub-

multiplicative function for 𝑢(𝑥, 𝑦) ≥ 0. Assume that 

𝑐(𝑥, 𝑦) is non-decreasing in each of the variables 𝑥, 𝑦 ∈ ℝ+. 

If 

𝐷𝑢(𝑥, 𝑦)

≤ 𝑐(𝑥, 𝑦) + ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

 

+ ∫ ∫ 𝑏(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

, 

 

 

(2.36) 

for all 𝑥, 𝑦 ∈ ℝ+, then 

𝑢(𝑥, 𝑦) ≤ 𝑐(𝑥, 𝑦) + 𝐻 (𝑇−1 [𝑇(𝜉) +

∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
]) 𝑝(𝑥, 𝑦),    

 

(2.37) 

for all 𝑥, 𝑦 ∈ ℝ+, where 𝑝(𝑥, 𝑦) and 𝜉 are defined in 

theorem 6. 

𝑇(𝑟) = ∫
𝑑𝑠

𝐾(𝑠)

∞

𝑟

.    

Where 𝑇−1 is the inverse function of 𝐺, and  

𝑇(𝜉) + ∫ ∫ 𝑎(𝑠, 𝑡)𝑇(𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

∈ 𝑑𝑜𝑚(𝑇−1) 

for all 𝑥, 𝑦 ∈ ℝ+. 

Proof : The proof of this Corollary follows the same 

arguments as in Theorem 6. 

Remark 6.  

1. If we put f(𝑥, 𝑦) = 1, H(𝑥) = 𝑥 in theorem 6 then we 

obtain the result in Corollary 7. 

2. If we put ∞ = 0, 𝛼(𝑥) = 𝑥, 𝛽(𝑦) = 𝑦, and 𝑐(𝑥, 𝑦) =

𝑐1(𝑥) + 𝑐2(𝑦), a(𝑥, 𝑦) = b(𝑥, 𝑦), K(𝑥) = 𝑥 in corollary 7 

we obtain theorem 1 in [7]. 

Corollary 8. Let 𝑢(𝑥, 𝑦), 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 

𝐷𝑢(𝑥, 𝑦) be non-negative continuous functions for all 𝑖 =
1,2 defined for 𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-

decreasing functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on 

ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+.  

And  

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0. 

If 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑀 + ∫ ∫ 𝑎(𝑠, 𝑡)𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
+

∫ ∫ 𝑏(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)
,   

 

(2.38) 

for all 𝑥, 𝑦 ∈ ℝ+, where 𝑀 > 0 is constant, then the 

following conclusions are true:  

𝐷𝑢(𝑥, 𝑦) ≤ 𝑀 (1 +

∫ ∫ 𝑎(𝑠, 𝑡)𝑝(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

0

∞

0
𝑒𝑥𝑝 ∫ ∫ 𝑎(𝑠, 𝑡)𝑝(𝑠, 𝑡)𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
)   

𝑒𝑥𝑝 ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

, 

 

𝑢(𝑥, 𝑦) ≤ 𝑀 (1 +

∫ ∫ 𝑎(𝑠, 𝑡)𝑝(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

0

∞

0
𝑒𝑥𝑝 ∫ ∫ 𝑎(𝑠, 𝑡)𝑝(𝑠, 𝑡)𝑑𝑠𝑑𝑡 

∞

𝛽(𝑦)

∞

𝛼(𝑥)
) 𝑝(𝑥, 𝑦)  

 

For all 𝑥, 𝑦 ∈ ℝ+, where 𝑝(𝑥, 𝑦) and 𝜉 are defined in 

theorem 6. 
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Proof : By setting 𝐾(𝑥) = 𝑥 and 𝑐(𝑥, 𝑦) = 𝑀 in Corollary 

7, we obtain the results of this Corollary. 

Corollary 9. Let 𝑢(𝑥, 𝑦), 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦), 𝐷𝑖𝑢(𝑥, 𝑦) and 

𝐷𝑢(𝑥, 𝑦) be non-negative continuous functions for all 𝑖 =
1,2 defined for 𝑥, 𝑦 ∈ ℝ+ and 𝛼, 𝛽 ∈ 𝐶1(ℝ+, ℝ+) be non-

decreasing functions in each variable, with 𝛼(𝑥) ≥ 𝑥 on 

ℝ+, and 𝛽(𝑦) ≥ 𝑦 on ℝ+.  

And  

lim
𝑥→∞

𝑢(𝑥, 𝑦) = lim
𝑥→∞

𝑢(𝑥, 𝑦) = 0 

Let 𝐾(𝑢(𝑥, 𝑦)) be a real-valued, positive, continuous, 

strictly non-decreasing, sub-additive, and sub-

multiplicative function for 𝑢(𝑥, 𝑦) ≥ 0. If 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐1(𝑥) + 𝑐2(𝑦)

+ ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

 

+ ∫ ∫ 𝑏(𝑠, 𝑡)𝐷𝑢(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

, 

For all 𝑥, 𝑦 ∈ ℝ+, where 𝑐1(𝑥), 𝑐2(𝑦) > 0, and 

𝑐′1(𝑥), 𝑐′2(𝑦) > 0 are continuous functions defined for 

𝑥 ≥ 0, 𝑦 ≥ 0  then 

𝐷𝑢(𝑥, 𝑦) ≤ 𝑐1(𝑥) + 𝑐2(𝑦) 

+(𝑇−1 [𝑇(𝜉) + ∫ ∫ 𝑎(𝑠, 𝑡)𝐾(𝑝(𝑠, 𝑡))𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

]) 

𝑒𝑥𝑝 ∫ ∫ 𝑏(𝑠, 𝑡)𝑑𝑠𝑑𝑡 
∞

𝛽(𝑦)

∞

𝛼(𝑥)

, 

For all 𝑥, 𝑦 ∈ ℝ+, where 

𝜉 = ∫ ∫ 𝑎(𝑠, 𝑡)𝐾 ((𝑐1(𝑠) + 𝑐2(𝑡))𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡 
∞

0

∞

0

 

And 𝑝(𝑥, 𝑦) and 𝑇 are defined in corollary 7. 

Proof : By setting 𝑐(𝑥, 𝑦) = 𝑐1(𝑥) + 𝑐2(𝑦) in Corollary 7 

and using the same arguments in theorem 6, we obtain the 

results of this Corollary. 

III. Retarded Non-Linear Integro-Differential 

Inequalities in n Independent Variables 

    In this section, we present some results of non-linear 

retarded integro-differential inequalities in 𝑛 independent 

variables. 

In what follows, for  

𝑥 = (𝑥1, 𝑥2, … 𝑥𝑛), 𝑡 = (𝑡1, 𝑡2, … 𝑡𝑛), ∞̃ = (∞,∞,… ,∞), 

We denote : 

For 𝑥, 𝑡 ∈ ℝ+
𝑛 , we shall write 𝑡 ≤ 𝑥 whenever 𝑡𝑖 ≤ 𝑥𝑖 , 𝑖 =

1,2, … , 𝑛. For any 𝑋 = (𝑋1, 𝑋2, … 𝑋𝑛) ∈ ℝ+
𝑛 , we shall write 

𝑥 ≤ 𝑋 whenever 𝑥𝑖 ≤ 𝑋𝑖 , 𝑖 = 1,2, … , 𝑛. 

�̃�(𝑥) = (𝛼1(𝑥1), 𝛼2(𝑥2), … 𝛼𝑛(𝑥𝑛)) ∈ 𝐶
1(ℝ+

𝑛 , ℝ+
𝑛). 

We denote �̂�(𝑥) ≥ 𝑥 whenever 𝛼𝑖(𝑥𝑖) ≥ 𝑥𝑖  for 𝑖 =
1,2, … , 𝑛. 

∫ 𝑑𝑡

∞̃

�̃�

= ∫

∞

𝛼1(𝑥1)

∫ …

∞

𝛼2(𝑥2)

∫ 𝑑𝑡𝑛…𝑑𝑡2𝑑𝑡1

∞

𝛼𝑛(𝑥𝑛)

. 

Our main results are given in the following theorems. 

Theorem 10. Let 𝑢(𝑥), 𝑎(𝑥) and 𝑐(𝑥) be non-negative 

continuous functions defined for 𝑥 ∈ ℝ+
𝑛  and �̃� ∈

𝐶1(ℝ+
𝑛 , ℝ+

𝑛) be non-decreasing functions in each variable, 

with �̃�(𝑥) ≥ 𝑥 on ℝ+
𝑛 . Assume that 𝑐(𝑥) is non-decreasing 

in each variable 𝑥 ∈ ℝ+
𝑛 . if 

𝑢(𝑥) ≤ 𝑐(𝑥) + ∫ 𝑎(𝑡)𝑢(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

, 

 

(3.1) 

for 𝑥 ∈ ℝ+
𝑛 , then 

𝑢(𝑥) ≤ 𝑐(𝑥)𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

. 

 

(3.2) 

Proof : Since 𝑐(𝑥) is non-negative and non-decreasing, 

from (3.1) we have 

𝑢(𝑥)

𝑐(𝑥)
≤ 1 + ∫ 𝑎(𝑡)

𝑢(𝑡)

𝑐(𝑡)
𝑑𝑡

∞̃

�̃�(𝑥)

 

Define a function 𝑧(𝑥) by 

𝑧(𝑥) = 1 + ∫ 𝑎(𝑡)
𝑢(𝑡)

𝑐(𝑡)
𝑑𝑡

∞̃

�̃�(𝑥)

, 

then 

𝑧(𝑥) > 0, lim
𝑥𝑖→∞

𝑧(𝑥1, … , 𝑥𝑛) = 1, 𝑖 = 1,2, … , 𝑛,
𝑢(𝑥)

𝑐(𝑥)
≤ 𝑧(𝑥) 

{
𝐷𝑧(𝑥) ≤ 𝑎(𝑥)𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑎(𝑥)𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
  

i.e  

𝑧(𝑥)𝐷𝑧(𝑥)

𝑧2(𝑥)
−
𝐷𝑛𝑧(𝑥)(𝐷1…𝐷𝑛−1𝑧(𝑥))

𝑧2(𝑥)
≤ 𝑎(𝑥)�̃�′(𝑥). 

Therefore 

{
 
 

 
 𝐷𝑛 (

𝐷1…𝐷𝑛−1𝑧(𝑥)

𝑧2(𝑥)
) ≤ 𝑎(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑛 (
𝐷1…𝐷𝑛−1𝑧(𝑥)

𝑧(𝑥)
) ≥ −𝑎(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

,  

 

 

(3.3) 
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By integrating (3.3) with respect to 𝑥𝑛 from 𝑥𝑛 to ∞, we have 

{
  
 

  
 
−(

𝐷1…𝐷𝑛−1𝑧(𝑥)

𝑧2(𝑥)
) ≤ ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝛼1

′(𝑥1) …𝛼𝑛−1
′(𝑥𝑛−1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−(
𝐷1…𝐷𝑛−1𝑧(𝑥)

𝑧2(𝑥)
) ≥ − ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝛼1

′(𝑥1) …𝛼𝑛−1
′(𝑥𝑛−1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

thus 

{
 
 

 
 
𝐷1…𝐷𝑛−1𝑧(𝑥)

𝑧(𝑥)
≥ 𝐷𝑛−1 (

𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
) ; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷1 …𝐷𝑛−1𝑧(𝑥)

𝑧(𝑥)
≤ 𝐷𝑛−1 (

𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
) ; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

hence 

{
  
 

  
 
−𝐷𝑛−1 (

𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
) ≤ ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝛼1

′(𝑥1) …𝛼𝑛−1
′(𝑥𝑛−1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−𝐷𝑛−1 (
𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
) ≥ − ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝛼1

′(𝑥1)…𝛼𝑛−1
′(𝑥𝑛−1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

By integrating the last inequality with respect to 𝑥𝑛−1 from 𝑥𝑛−1 to ∞, we have 

{
  
 

  
 𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
≤ ∫

∞

𝛼𝑛−1(𝑥𝑛−1)

∫ 𝑎(𝑥1, … , 𝑥𝑛−2, 𝑡𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝑑𝑡𝑛−1𝛼1
′(𝑥1)…𝛼𝑛−2

′(𝑥𝑛−2)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷1…𝐷𝑛−2𝑧(𝑥)

𝑧(𝑥)
≥ − ∫

∞

𝛼𝑛−1(𝑥𝑛−1)

∫ 𝑎(𝑥1, … , 𝑥𝑛−2, 𝑡𝑛−1, 𝑡𝑛)𝑑𝑡𝑛𝑑𝑡𝑛−1𝛼1
′(𝑥1) …𝛼𝑛−2

′(𝑥𝑛−2)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

 

By continuing this process, we get 

{
  
 

  
 
−
𝐷1𝑧(𝑥)

𝑧(𝑥)
≤ ∫ …

∞

𝛼2(𝑥2)

∫ 𝑎(𝑥1, 𝑡2, … , 𝑡𝑛)𝑑𝑡𝑛…𝑑𝑡2𝛼1
′(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷1𝑧(𝑥)

𝑧(𝑥)
≥ − ∫ …

∞

𝛼2(𝑥2)

∫ 𝑎(𝑥1, 𝑡2, … , 𝑡𝑛)𝑑𝑡𝑛…𝑑𝑡2𝛼1
′(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

 

 

(3.4) 

 

By integrating (3.4) with respect to 𝑥1 from 𝑥1 to ∞, we 

have 

𝑧(𝑥) ≤ 𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

. 

Finally, since 
𝑢(𝑥)

𝑐(𝑥)
≤ 𝑧(𝑥) we obtain the inequality (3.2). 

Remark 7. In the particular case when 𝑛 = 2, 𝑥 ∈ ℝ+
2 , 

(∞,∞) = (0,0), 𝛼1(𝑥1) = 𝑥1, 𝛼2(𝑥2) = 𝑥2,and 𝑐(𝑥) =
𝑐1(𝑥1) + 𝑐2(𝑥2) then theorem 10 reduces to lemma 1 in 

[12]. 

Theorem 11. Let 𝑢(𝑥), 𝑐(𝑥), 𝑎(𝑥), 𝐷𝑖𝑢(𝑥) and 𝐷𝑢(𝑥) be 

non-negative continuous functions for all 𝑖 = 1,2, … , 𝑛 

defined for 𝑥 ∈ ℝ+
𝑛 , 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

Let �̃� ∈ 𝐶1(ℝ+
𝑛 , ℝ+

𝑛) be non-decreasing functions in each 

variable, with �̃�(𝑥) ≥ 𝑥 on ℝ+
𝑛 . Assume that 𝑐(𝑥) is non-

decreasing in each variable 𝑥 ∈ ℝ+
𝑛 . if 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + ∫ 𝑎(𝑡)[𝑢(𝑡) + 𝐷𝑢(𝑡)]𝑑𝑡

∞̃

�̃�(𝑥)

, 

 

(3.5) 

for 𝑥 ∈ ℝ+
𝑛 , then  
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𝑢(𝑥) ≤ 𝑐(𝑥) [1 + ∫

∞̃

�̃�(𝑥)

(𝑎(𝑡)𝑒𝑥𝑝∫(1

∞̃

𝑡

+ 𝑎(𝜏))𝑑𝜏)𝑑𝑡]. 

 

(3.6) 

Proof: Fixe any 𝑋 ∈ ℝ+
𝑛 . Then, for 𝑥 ≤ 𝑋 and from (3.5), 

we have  

𝐷𝑢(𝑥) ≤ 𝑐(𝑋) + ∫ 𝑎(𝑡)[𝑢(𝑡) + 𝐷𝑢(𝑡)]𝑑𝑡

∞̃

�̃�(𝑥)

, 

Define a function 𝑧(𝑥) by 

𝑧(𝑥) = 𝑐(𝑋) + ∫ 𝑎(𝑡)[𝑢(𝑡) + 𝐷𝑢(𝑡)]𝑑𝑡

∞̃

�̃�(𝑥)

,   

 

(3.7) 

Then 

lim
𝑥𝑖→∞

𝑧(𝑥1, … , 𝑥𝑛) = 𝑐(𝑋), 𝑖 = 1,2, … , 𝑛, 

𝐷𝑢(𝑥) ≤ 𝑧(𝑥),           (3.8) 

By differentiating (3.8) 

{
𝐷𝑧(𝑥) ≤ 𝑎(𝑥)[𝑢(𝑥) + 𝐷𝑢(𝑥)]�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑎(𝑥)[𝑢(𝑥) + 𝐷𝑢(𝑥)]�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
. 

 

(3.9) 

By integrating both sides of (3.8) 

𝑢(𝑥) ≤ ∫ 𝑧(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

,  

 

(3.10) 

Now, using (3.8) and (3.10) in (3.9) we get 

{
  
 

  
 
𝐷𝑧(𝑥) ≤ 𝑎(𝑥) [𝑧(𝑥) + ∫ 𝑧(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

] �̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑎(𝑥) [𝑧(𝑥) + ∫ 𝑧(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

] �̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

.  

 

 

 

(3.11) 

If we put 

𝑣(𝑥) = 𝑧(𝑥) + ∫ 𝑧(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

, 

 

(3.12) 

Then 

lim
𝑥𝑖→∞

𝑣(𝑥1, … , 𝑥𝑛) = 𝑐(𝑋), 𝑖 = 1,2, … , 𝑛, 

And 

{
𝐷𝑣(𝑥) = 𝐷𝑧(𝑥) + 𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑣(𝑥) = 𝐷𝑧(𝑥) − 𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
. 

Using the fact that 

{
𝐷𝑧(𝑥) ≤ 𝑎(𝑥)𝑣(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑎(𝑥)𝑣(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
, 

From (3.11) and 𝑧(𝑥) ≤ 𝑣(𝑥) from (3.12), we have 

{
𝐷𝑣(𝑥) ≤ [1 + 𝑎(𝑥)]𝑣(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑣(𝑥) ≥ −[1 + 𝑎(𝑥)]𝑣(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
. 

It is easy to estimate 𝑣(𝑥) by following the same arguments 

as in the proof of Theorem 10 as follows 

𝑣(𝑥) ≤ 𝑐(𝑋)𝑒𝑥𝑝 [ ∫ (1 + 𝑎(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

]. 

 

(3.13) 

By substituting (3.13) in, (3.11) we get 

{
  
 

  
 
𝐷𝑧(𝑥) ≤ 𝑎(𝑥)𝑐(𝑋)𝑒𝑥𝑝 [ ∫ (1 + 𝑎(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

] �̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑎(𝑥)𝑐(𝑋)𝑒𝑥𝑝 [ ∫ (1 + 𝑎(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

] �̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

.      

 

 

(3.14) 

lim
𝑥𝑛→∞

𝐷1 …𝐷𝑛−1𝑧(𝑥1, … , 𝑥𝑛−1, 𝑥𝑛) = 0. 

By integrating (3.14) to 𝑥𝑛 from 𝑥𝑛 to ∞ , we have 
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{
 
 
 
 

 
 
 
 
−𝐷1…𝐷𝑛−1𝑧(𝑥) ≤ 𝑐(𝑋) ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)

∞

𝛼𝑛(𝑥𝑛)

𝑒𝑥𝑝 [∫(1 + 𝑎(𝜏))𝑑𝜏

∞̃

𝜏

]

                     𝑑𝑡𝑛𝛼1
′(𝑥1)…𝛼𝑛−1

′(𝑥𝑛−1); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−𝐷1…𝐷𝑛−1𝑧(𝑥) ≥ −𝑐(𝑋) ∫ 𝑎(𝑥1, … , 𝑥𝑛−1, 𝑡𝑛)

∞

𝛼𝑛(𝑥𝑛)

𝑒𝑥𝑝 [∫(1 + 𝑎(𝜏))𝑑𝜏

∞̃

𝜏

]

                 𝑑𝑡𝑛𝛼1
′(𝑥1)…𝛼𝑛−1

′(𝑥𝑛−1); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

 

 

 

By continuing this process, we obtain 

{
  
 

  
 
−𝐷1𝑧(𝑥) ≤ 𝑐(𝑋) ∫ …

∞

𝛼2(𝑥2)

∫ 𝑎(𝑥1, 𝑡2, … , 𝑡𝑛)𝑒𝑥𝑝 [∫(1 + 𝑎(𝜏))𝑑𝜏

∞̃

𝜏

] 𝑑𝑡𝑛…𝑑𝑡2𝛼1
′(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷1𝑧(𝑥) ≥ −𝑐(𝑋) ∫ …

∞

𝛼2(𝑥2)

∫ 𝑎(𝑥1, 𝑡2, … , 𝑡𝑛)𝑒𝑥𝑝 [∫(1 + 𝑎(𝜏))𝑑𝜏

∞̃

𝜏

] 𝑑𝑡𝑛…𝑑𝑡2𝛼1
′(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

; 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

, 

 

By integrating the last inequality with respect to 𝑥1 from 

𝑥1 to ∞, we have 

𝑧(𝑥) ≤ 𝑐(𝑋)𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝑒𝑥𝑝 [∫(1 + 𝑎(𝜏))𝑑𝜏

∞̃

𝜏

] 𝑑𝑡

∞̃

�̃�(𝑥)

. 

Since 𝑋 is arbitrary, by substituting the value of 𝑧(𝑥) in 
(3.8), we obtain the inequality (3.6). 

Remark 8. In the particular case when 𝑛 = 2, 𝑥 ∈ ℝ+
2 , 

(∞,∞) = (0,0), 𝛼1(𝑥1) = 𝑥1, 𝛼2(𝑥2) = 𝑥2,and 𝑐(𝑥) =
𝑐1(𝑥1) + 𝑐2(𝑥2) then theorem 11 reduces to Theorem 1 in 

[8] 

Corollary 12. Let 𝑢(𝑥), 𝑐(𝑥), 𝑎(𝑥), 𝐷𝑖𝑢(𝑥) and 𝐷𝑢(𝑥) be 

non-negative continuous functions for all 𝑖 = 1,2, … , 𝑛 

defined for 𝑥 ∈ ℝ+
𝑛 , 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

Let �̃� ∈ 𝐶1(ℝ+
𝑛 , ℝ+

𝑛) be non-decreasing functions in each 

variable, with �̃�(𝑥) ≥ 𝑥 on ℝ+
𝑛 . Assume that 𝑐(𝑥) is non-

decreasing in each variable 𝑥 ∈ ℝ+
𝑛 . if 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + 𝑀 [𝑢(𝑡) + ∫ 𝑎(𝑡)[𝑢(𝑡) +
∞̃

�̃�(𝑥)

𝐷𝑢(𝑡)]𝑑𝑡]                                          (3.15),   

 

 

 

for 𝑥 ∈ ℝ+
𝑛 , then 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥)𝑒𝑥𝑝 ∫ [𝑀 + 𝑎(𝑡) + 𝑀𝑎(𝑡)]
∞̃

�̃�(𝑥)
𝑑𝑡.   

(3.16) 

Proof : Fixe any 𝑋 ∈ ℝ+
𝑛 . Then, for 𝑥 ≤ 𝑋 and from 

(3.15), we have  

𝐷𝑢(𝑥) ≤ 𝑐(𝑋) +𝑀 [𝑢(𝑡) + ∫ 𝑎(𝑡)[𝑢(𝑡) + 𝐷𝑢(𝑡)]𝑑𝑡

∞̃

�̃�(𝑥)

], 

Define a function 𝑧(𝑥) by 

𝑧(𝑥) = 𝑐(𝑋) + 𝑀 [𝑢(𝑡) + ∫ 𝑎(𝑡)[𝑢(𝑡) +
∞̃

�̃�(𝑥)

𝐷𝑢(𝑡)]𝑑𝑡],    

 

(3.17) 

then 

lim
𝑥𝑖→∞

𝑧(𝑥1, … , 𝑥𝑛) = 𝑐(𝑋), 𝑖 = 1,2, … , 𝑛,  

𝐷𝑢(𝑥) ≤ 𝑧(𝑥), (3.18) 

 

 

By differentiating (3.8) 

{
𝐷𝑧(𝑥) ≤ 𝑀[𝑎(𝑥) + 𝐷𝑢(𝑥)][𝑢(𝑥) + 𝐷𝑢(𝑥)]�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −𝑀[𝑎(𝑥) + 𝐷𝑢(𝑥)][𝑢(𝑥) + 𝐷𝑢(𝑥)]�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
.  

Using (3.18) and the fact that 𝑀𝑎(𝑥) ≤ 𝑧(𝑥), we have 

{
𝐷𝑧(𝑥) ≤ [𝑀𝑎(𝑥) + 𝑎(𝑥) + 𝑀]𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝐷𝑧(𝑥) ≥ −[𝑀𝑎(𝑥) + 𝑎(𝑥) + 𝑀]𝑧(𝑥)�̃�′(𝑥); 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
 

Therefore 

𝑧(𝑥) ≤ 𝑐(𝑋)𝑒𝑥𝑝 ∫ [𝑀 + 𝑎(𝑡) + 𝑀𝑎(𝑡)]

∞̃

�̃�(𝑥)

𝑑𝑡. 

Since 𝑋 is arbitrary, by substituting the value of 𝑧(𝑥) in 

(3.18) we obtain the inequality (3.16). 

Remark 9. In the particular case when 𝑛 = 2, 𝑥 ∈ ℝ+
2 , 

(∞,∞) = (0,0), 𝛼1(𝑥1) = 𝑥1, 𝛼2(𝑥2) = 𝑥2,and 𝑐(𝑥) =
𝑐1(𝑥1) + 𝑐2(𝑥2) then corollary 12 reduces to theorem 2 in 

[7]. 

Theorem 13. Let 𝑢(𝑥), 𝑐(𝑥), 𝑎(𝑥), 𝑏(𝑥), 𝑓(𝑥), 𝐷𝑖𝑢(𝑥) and 

𝐷𝑢(𝑥) be non-negative continuous functions for all 𝑖 =
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1,2, … , 𝑛 defined for 𝑥 ∈ ℝ+
𝑛 , and �̃� ∈ 𝐶1(ℝ+

𝑛 , ℝ+
𝑛) be non-

decreasing functions in each variable, with �̃�(𝑥) ≥ 𝑥 on 

ℝ+
𝑛 . 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

Let 𝐾(𝑢(𝑥)) be a real-valued, positive, continuous, strictly 

non-decreasing, sub-additive, and sub-multiplicative 

function for 𝑢(𝑥) ≥ 0, and 𝐻(𝑢(𝑥)) be a real-valued, 

positive, continuous and non-decrasing function defined for 

𝑥 ∈  ℝ+
𝑛 . Assume that 𝑐(𝑥) and 𝑓(𝑥) are non-decreasing 

functions in each of the variables 𝑥 ∈  ℝ+
𝑛 . If 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + 𝑓(𝑥)𝐻 (∫ 𝑎(𝑡)𝐾(𝑢(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
) +

∫ 𝑏(𝑡)𝐷𝑢(𝑡)𝑑𝑡
∞̃

�̃�(𝑥)
,   

 

(3.19) 

for all 𝑥 ∈  ℝ+
𝑛 , then 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + 𝑓(𝑥)𝐻 (𝐺−1 [𝐺(𝜉) +

∫ 𝑎(𝑡)𝐾(𝑓(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
]) 𝑒𝑥𝑝 ∫ 𝑏(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)
,  

 

(3.20) 

for all 𝑥 ∈ ℝ+
𝑛 , where 

𝑝(𝑥) = ∫ (𝑒𝑥𝑝∫ 𝑏(𝜏)𝑑𝜏

∞̃

𝑡

)

∞̃

�̃�(𝑥)

𝑑𝑡.  

 

(3.21) 

𝜉 = ∫ 𝑎(𝑡)𝐾(𝑐(𝑡)𝑝(𝑡))𝑑𝑡

∞̃

0̃

.  

 

(3.22) 

𝐺(𝑟) = ∫
𝑑𝑠

𝐾(𝐻(𝑠))

∞

𝑟

.  
 

(3.23) 

Where 𝐺−1 is the inverse function of 𝐺, and  

𝐺(𝜉) + ∫ 𝑎(𝑡)𝐾(𝑓(𝑡)𝑝(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

∈ 𝑑𝑜𝑚(𝐺−1) 

for all 𝑥 ∈ ℝ+
𝑛 . 

Proof : Define a function 𝑧(𝑥) by 

𝑧(𝑥) = 𝑐(𝑥) + 𝑓(𝑥)𝐻 ( ∫ 𝑎(𝑡)𝐾(𝑢(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

), 

 

(3.24) 

then from (3.19), we have 

𝐷𝑢(𝑥) ≤ 𝑧(𝑥) + ∫ 𝑏(𝑡)𝐷𝑢(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

, 

 

(3.25) 

Clearly, 𝑧(𝑥) is a positive, continuous, and non-decreasing 

function in each of the variables 𝑥 ∈ ℝ+
𝑛 . Using Theorem 

10  in (3.25), we get 

𝐷𝑢(𝑥) ≤ 𝑧(𝑥)𝑒𝑥𝑝 ( ∫ 𝑏(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

).  

 

(3.26) 

By integrating (3.26) with respect to 𝑥 from 𝑥 to ∞̃, we 

obtain 

𝑢(𝑥) ≤ 𝑧(𝑥)𝑝(𝑥),  
(3.27) 

where 𝑝(𝑥) is defined in (3.21). From (3.24) we have 

𝑧(𝑥) = 𝑐(𝑥) + 𝑓(𝑥)𝐻(𝑣(𝑥)),   
(3.28) 

Where  

𝑣(𝑥) = ∫ 𝑎(𝑡)𝐾(𝑢(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

,  

 

(3.29) 

Now, using (3.28) in (3.27) we get 

𝑢(𝑥) ≤ [𝑐(𝑥) + 𝑓(𝑥)𝐻(𝑣(𝑥))]𝑝(𝑥), (3.30) 

From (3.29) and (3.30) and since 𝐾 is a sub-additive and 

sub-multiplicative function, we obtain 

𝑣(𝑥, 𝑦) ≤ ∫ 𝑎(𝑡)𝐾 ([𝑐(𝑡) + 𝑓(𝑡)𝐻(𝑣(𝑡))]𝑝(𝑡)) 𝑑𝑡 
∞̃

�̃�(𝑥)
≤

∫ 𝑎(𝑡)𝐾(𝑐(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
+

∫ 𝑎(𝑡)𝐾 (𝑓(𝑡)𝐻(𝑣(𝑡))𝑝(𝑡)) 𝑑𝑡
∞̃

�̃�(𝑥)
.  

Therefore 

𝑣(𝑥, 𝑦) ≤ ∫ 𝑎(𝑡)𝐾(𝑐(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

0̃
+

∫ 𝑎(𝑡)𝐾 (𝑓(𝑡)𝐻(𝑣(𝑡))𝑝(𝑡)) 𝑑𝑡
∞̃

�̃�(𝑥)
.  

Define a function Φ(𝑥) by 

Φ(𝑥, 𝑦) = ∫ 𝑎(𝑡)𝐾(𝑐(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

0̃
+

∫ 𝑎(𝑡)𝐾(𝑓(𝑡)𝑝(𝑡))𝐾 (𝐻(𝑣(𝑡))) 𝑑𝑡
∞̃

�̃�(𝑥)
.  

 

(3.31) 

Then 

lim
𝑥𝑖→∞

Φ(𝑥) = ∫ 𝑎(𝑡)𝐾(𝑐(𝑡)𝑝(𝑡))𝑑𝑡

∞̃

0̃

= 𝜉. 

 

(3.32) 

And 

v(𝑥) ≤ Φ(𝑥). 

Clearly, Φ(𝑥) is a positive and non-decreasing function in each variable 𝑥2, 𝑥3, … , 𝑥𝑛, then 

𝐷1Φ(𝑥) = − ∫ …

∞

𝛼2(𝑥2)

∫
𝑎(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝐾(𝑓(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝑝(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))

𝐾 (𝐻(𝑣(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))) 𝑑𝑡2…𝑑𝑡𝑛𝛼′1(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

, 

hence 
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𝐷1Φ(𝑥) ≥ − ∫ …

∞

𝛼2(𝑥2)

∫
𝑎(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝐾(𝑓(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝑝(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))

𝐾 (𝐻(Φ(𝑥1, 𝑡2, … , 𝑡𝑛))) 𝑑𝑡2…𝑑𝑡𝑛𝛼′1(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

 

𝐷1Φ(𝑥) ≥ −𝐾 (𝐻(Φ(𝑥))) ∫ …

∞

𝛼2(𝑥2)

∫
𝑎(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝐾(𝑓(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝑝(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))

𝑑𝑡2…𝑑𝑡𝑛𝛼′1(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

 

i.e 

𝐷1Φ(𝑥)

𝐾 (𝐻(Φ(𝑥)))
      ≥ − ∫ …

∞

𝛼2(𝑥2)

∫
𝑎(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝐾(𝑓(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝑝(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))

𝑑𝑡2…𝑑𝑡𝑛𝛼′1(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

.  
 

 

(3.33) 

From  (3.23) we have 

𝐷1G(Φ(𝑥)) =
𝐷1Φ(𝑥)

𝐾 (𝐻(Φ(𝑥)))
.  

 

(3.34) 

 

𝐷1G(Φ(𝑥)) ≥ − ∫ …

∞

𝛼2(𝑥2)

∫
𝑎(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝐾(𝑓(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛)𝑝(𝛼1(𝑥1), 𝑡2, … , 𝑡𝑛))

𝑑𝑡2…𝑑𝑡𝑛𝛼′1(𝑥1)

∞

𝛼𝑛(𝑥𝑛)

.  
 

(3.35) 

 

Now, by setting 𝑥1 = 𝑡 and integrating from 𝑥1 to ∞ in 

(3.35), and using (3.31) we get 

Φ(𝑥) ≤ 𝐺−1 [𝐺(𝜉) + ∫ 𝑎(𝑡)𝐾(𝑓(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
],    
(3.36) 

Finally, by substituting (3.28), (3.32) and (3.36), (3.34) 
we obtain the inequality (3.20). 

Remark 10. 

From the inequalities (3.30) and (3.36) in the proof of 

theorem 13, we can find this inequality 

u(𝑥) ≤ c(𝑥) + f(𝑥)𝐻 (𝐺−1 [𝐺(𝜉) +

∫ 𝑎(𝑡)𝐾(𝑓(𝑡)𝑝(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
]) p(𝑥).     

 

(3.37) 

If we put  𝑛 = 2, 𝑥 ∈ ℝ+
2 , (∞,∞) = (0,0), 𝛼1(𝑥1) =

𝑥1, 𝛼2(𝑥2) = 𝑥2,and 𝑐(𝑥) = 𝑐1(𝑥1) + 𝑐2(𝑥2) 𝑓(𝑥) =
1, 𝐻(𝑥) = 𝐾(𝑥) = 𝑥, and 𝑎(𝑥) = 𝑏(𝑥) then Theorem 13 

reduces to Theorem 1 in [7] 

Corollary 14. Let 𝑢(𝑥), 𝑐(𝑥), 𝑎(𝑥), 𝑏(𝑥), 𝐷𝑖𝑢(𝑥) and 

𝐷𝑢(𝑥) be non-negative continuous functions for all 𝑖 =
1,2, … , 𝑛 defined for 𝑥 ∈ ℝ+

𝑛 , and �̃� ∈ 𝐶1(ℝ+
𝑛 , ℝ+

𝑛) be non-

decreasing functions in each variable, with �̃�(𝑥) ≥ 𝑥 on 

ℝ+
𝑛 . 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

Let 𝐾(𝑢(𝑥)) be a real-valued, positive, continuous, strictly 

non-decreasing, sub-additive, and sub-multiplicative 

function for 𝑢(𝑥) ≥ 0, and 𝐻(𝑢(𝑥)) be a real-valued, 

positive, continuous and non-decrasing function defined for 

𝑥 ∈  ℝ+
𝑛 . Assume that 𝑐(𝑥) is non-decreasing function in 

each of the variables 𝑥 ∈  ℝ+
𝑛 . If 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + ∫ 𝑎(𝑡)𝐾(𝑢(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
+

∫ 𝑏(𝑡)𝐷𝑢(𝑡)𝑑𝑡
∞̃

�̃�(𝑥)
,   

 

(3.38) 

for all 𝑥 ∈  ℝ+
𝑛 , then 

𝐷𝑢(𝑥) ≤ 𝑐(𝑥) + (𝑇−1 [𝑇(𝜉) +

∫ 𝑎(𝑡)𝐾(𝑝(𝑡))𝑑𝑡
∞̃

�̃�(𝑥)
]) 𝑒𝑥𝑝 ∫ 𝑏(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)
,   

for 𝑥 ∈ ℝ+
𝑛 , where where 𝑝(𝑡) and 𝜉 are defined in 

theorem 13, and  

𝑇(𝑟) = ∫
𝑑𝑠

𝐾(𝑠)

∞

𝑟

. 

Where 𝑇−1 is the inverse function of 𝐺, and  

𝑇(𝜉) + ∫ 𝑎(𝑡)𝐾(𝑝(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)

∈ 𝑑𝑜𝑚(𝑇−1) 

for 𝑥 ∈ ℝ+
𝑛 . 

Proof: The proof of this Corollary follows the same 

arguments as in Theorem 13. 

Remark  11. If we put 𝐻(𝑥) = 𝑥 and 𝑓(𝑥) = 1 in 

Theorem 13, then we obtain the result in corollary 14. 

Corollary 15. Let 𝑢(𝑥), 𝑎(𝑥), 𝑏(𝑥), 𝐷𝑖𝑢(𝑥) and 𝐷𝑢(𝑥) be 

non-negative continuous functions for all 𝑖 = 1,2, … , 𝑛 

defined for 𝑥 ∈ ℝ+
𝑛 , and �̃� ∈ 𝐶1(ℝ+

𝑛 , ℝ+
𝑛) be non-

decreasing functions in each variable, with �̃�(𝑥) ≥ 𝑥 on 

ℝ+
𝑛 . 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

If 
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𝐷𝑢(𝑥) ≤ 𝑀 + ∫ 𝑎(𝑡)𝑢(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

+ ∫ 𝑏(𝑡)𝐷𝑢(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

, 

for all 𝑥 ∈  ℝ+
𝑛 , where 𝑀 > 0 is constant, then the 

following conclusion are true: 

𝐷𝑢(𝑥) ≤ 𝑀 (1 +

∫ 𝑎(𝑡)𝑝(𝑡)𝑑𝑡
∞̃

0
𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝑝(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)
) 𝑒𝑥𝑝 ∫ 𝑏(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)
,  

𝑢(𝑥) ≤ 𝑀(1 + ∫ 𝑎(𝑡)𝑝(𝑡)𝑑𝑡

∞̃

0

𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝑝(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)

)𝑝(𝑥) 

 

for 𝑥 ∈ ℝ+
𝑛 , where  

𝑝(𝑥) = ∫

∞̃

�̃�(𝑥)

(𝑒𝑥𝑝∫ 𝑏(𝜏)𝑑𝜏

∞̃

𝑡

)𝑑𝑡. 

Proof: By setting 𝐾(𝑥) = 𝑥 and 𝑐(𝑥) = 𝑀in Corollary 14, 

we obtain the results of this Corollary. 

Corollary 16. Let 𝑢(𝑥), 𝑎(𝑥), 𝑏(𝑥), 𝐷𝑖𝑢(𝑥) and 𝐷𝑢(𝑥) be 

non-negative continuous functions for all 𝑖 = 1,2, … , 𝑛 

defined for 𝑥 ∈ ℝ+
𝑛 , and �̃� ∈ 𝐶1(ℝ+

𝑛 , ℝ+
𝑛) be non-

decreasing functions in each variable, with �̃�(𝑥) ≥ 𝑥 on 

ℝ+
𝑛 . 

lim
𝑥𝑖→∞

𝑢(𝑥1, 𝑥2, … , 𝑥𝑛) = 0, ∀𝑖 = 1,2, … , 𝑛. 

Let 𝐾(𝑢(𝑥)) be a real-valued, positive, continuous, strictly 

non-decreasing, sub-additive, and sub-multiplicative 

function for 𝑢(𝑥) ≥ 0. If 

𝐷𝑢(𝑥) ≤ ∑ 𝑐𝑖(𝑥𝑖)
𝑛
𝑖=1 + ∫ 𝑎(𝑡)𝐾(𝑢(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)
+

∫ 𝑏(𝑡)𝐷𝑢(𝑡)𝑑𝑡
∞̃

�̃�(𝑥)
,   

for all 𝑥 ∈  ℝ+
𝑛 , where 𝑐𝑖(𝑥𝑖) > 0 and 𝑐′𝑖(𝑥𝑖) ≥ 0 are 

continuous functions for 𝑥𝑖 ≥ 0 for all 𝑖 = 1,… , 𝑛 then 

𝐷𝑢(𝑥) ≤ ∑ 𝑐𝑖(𝑥𝑖)
𝑛
𝑖=1 + (𝑇−1 [𝑇(𝜉) +

∫ 𝑎(𝑡)𝐾(𝑝(𝑡))𝑑𝑡
∞̃

0
𝑒𝑥𝑝 ∫ 𝑎(𝑡)𝐾(𝑝(𝑡))𝑑𝑡

∞̃

�̃�(𝑥)
]) 𝑒𝑥𝑝 ∫ 𝑏(𝑡)𝑑𝑡

∞̃

�̃�(𝑥)
,  

for 𝑥 ∈ ℝ+
𝑛 , where where 𝑝(𝑡) and 𝑇 are defined in corollary 

14, and  

𝜉 = ∫ 𝑎(𝑡)𝐾 (𝑝(𝑡)∑𝑐𝑖(𝑡𝑖)

𝑛

𝑖=1

)𝑑𝑡

∞̃

�̃�(𝑥)

. 

Proof: By setting 𝑐(𝑥) = ∑ 𝑐𝑖(𝑥𝑖)
𝑛
𝑖=1  in Corollary 14 and 

using the same arguments in [ ] and Theorem 13, we obtain 

the result of this Corollary. 
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