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Abstract 

  
 The authors present the numerical study of the phenomenon of the natural, laminar and 

permanent convection in an elliptic annular cavity delimited by two diametrical plans and is 
tilted at an angle  with respect to the horizontal plane. The enclosure considered is of 
practical interest (Storage, Isolation). It is filled by a Newtonian and incompressible fluid, in 
laminar and permanent mode. The Prandtl number is fixed at 0.7 (air) but the Grashof number 
varies. They determine the distributions of the temperature and the stream-function in the 
fluid and indicate the influence on the flow of the Grashof number and the system tilt. 

Keywords: natural convection / closed enclosure / elliptic cylinders / vorticity-stream function 
formulation. 

 
 
 

Nomenclature 
 
a           Defined constant in the elliptic coordinates,     
                (distance to the poles).                               (m) 
cp           Specific heat at constant pressure.  (J.kg-1.K-1) 
e1           Eccentricity of the internal ellipse.  
Fr           Geometrical factor of form 
→

g            Gravitational acceleration.                    (m.s-2) 

Gr           Grashof number defined by 
TagGr ∆= 2

3

υ
β

. 
h           Dimensional metric coefficient.                (m) 
H        Dimensionless metric coefficient. 
Nu         Local Nusselt number. 
Nu         Average Nusselt number. 
P           Stress tensor. 

Pr        Prandtl number defined by λ
ρν pc  

    Pr =
. 

SФ     Source term. 
T        Fluid’s temperature. (K) 
T1        Hot wall temperature. (K) 
T2        Cold wall temperature. (K) 
ΔT        Temperature deference.ΔT=T1-T2.              (K)  
Vη,Vθ     Velocity components according to η and θ.                                               
                                                                               (m.s-1) 
→

V          Velocity vector.                       (m.s-1) 
 
Greek letters 
 
α          Inclination angle.                 (°) 
β          Thermal expansion coefficient.          (K-1)        
Гϕ          Diffusion coefficient. 
λ          Thermal conductivity of the fluid. (W.m-1.K-1) 
υ          kinematic viscosity.          (m2.s-1) 
ρ          Density.                                   (kg.m-3) 

η ,θ, z     Elliptic coordinates. 
ψ          function of current.                       (m2.s-1) 
ω          vorticity.              (s-1) 
ϕ          General function. 

Superscripts 

+          dimensionless parameters. 

Subscripts 

i        Inner. 
e       Outer.   
éq Equivalent 
Ni       Points number along the coordinate η 
NN       Points number along the coordinate θ 
η       According to the coordinate η 
θ       According to the coordinate θ 
 

1. Introduction  
 

he study of heat transfer by natural 
convection, in the annular spaces formed by elliptic 
cylinders with horizontal axes centered or eccentric, 
has given rise to many works include such as Zhu et 

al. (2004) who have made a  numerical study into the annulus  
between two centered elliptic cylinders, using D.Q method 
(Differential Quadrature) to solve their equations. Djezzar el 
al. (2004), (2005) and (2006) mean while, have studied 
numerically natural convection in an annulus formed by two 
elliptical cylinders and horizontal axes confocal using the 
formulation in primitive variables, they could detect multi-
cellular flows when Grashof number increases, for certain 

T 
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geometries, and for the three parietal thermal conditions 
used. 
In this work we propose a numerical simulation using the 
finite-volume method described by Patankar (1980), the 
elliptic coordinates cited by Moon (1961) and the vorticity 
stream-function formulation illustrated by Nogotov (1978) 
to solve the equations governing the phenomenon studied. 
The mesh adopted for the execution of our calculations is 
(101x111). 

2. Theoretical analysis  

    We consider an annular space, filled with a Newtonian 
fluid (in this case air), located between two elliptical 
cylinders, and two horizontal and centered diametrical 
planes. Figure 1 represents a cross-section of the system. 

 
 
 
 
 
 
 
 
 

FIG. 1 Cross-section of the system 

Both lower and upper walls are elliptical, isothermal and 
respectively maintained at temperatures T1 and T2 with 
T1>T2. The two diametrical plans are adiabatic. 

It occurs in the enclosure natural convection that we 
propose to study numerically. 

We consider an incompressible fluid flow, two 
dimensional, permanent and laminar with constant physical 
properties and we use the approximation of Boussinesq 
which considers the variations of the density ρ negligible at 
all terms of the momentum equations except in the term of 
gravity whose variations with temperature supposed linear, 
generate the natural convection. 

Viscous dissipation and the work of pressure forces are 
negligible in the heat equation; the radiation is not 
considered. 

With these assumptions the equations governing our 
problem can be written in vectorial form as follows: 
 

- Continuity equation: 

0Vdiv =
→

                              (1)               

- Momentum equation: 

00 ρ
Pg

ρ
ρV)grad.(V ∇

+
→

=
→→→                                           (2) 

- Heat equation:  
 

Tc)T.V( 2

p
grad ∇=

→ →

 ρ
λ

 
                                            (3)  

  
It is convenient to define a reference frame such as the 

limits of the system result in constant values of the 

coordinates. The coordinates known as “elliptic” (η,θ) allow, 
precisely in our case to obtain this result. Thus the two 
elliptic isothermal walls will be represented by η1 and ηNI and 
the two adiabatic walls will be represented by θ1 and θNN. The 
transition from Cartesian coordinates to elliptic coordinates 
is done using the following relations: 





=
=

)).sin(a.sh( y 
)).cos(a.ch( x 

θη
θη

 

The equations (1), (2) and (3) are written respectively: 
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∂
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 With the introduction of vorticity defined by: 
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ψ
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After the introduction of the stream-function, in order to 
check the continuity equation identically. 
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θ

 

  

1/2
θ2sin η2sh

θsin ηch  θη, G

1/2
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θcos ηsh  θη, F

1/2
)(2sin ) (η2sh a  h

                               (9)                                                                    

By posing the following adimensional quantities: 
Dh= a (arbitrarily selected focal distance) 

D
hH

h
    = ,  

νηη
DV h V    =+ ,  

νθθ
DV h V    =+ , 

ν
ωω

2

      hD
=+ , 

ν
ψ

ψ     =+  and 
21

2

  
  

    
TT
TT

T
−
−

=+  

The equations (5), (6), (7) and (8) becomes: 
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The boundary conditions are: For the elliptical hot wall (η = 
η1= constant) we have: 

0        V    V θη =
∂
∂

=
∂
∂

==
++

++

η
ψ

θ
ψ , 11 =+T and  
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2

2 θ
ψ

η
ψ

ω
H

and for the cold elliptic wall 

(η=ηNN=constant) we have: 

0        V    V θη =
∂
∂

=
∂
∂
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++

++

η
ψ

θ
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. For the two diametrical 

plans (θ = θ1= constant and θ = θNN=constant) we have:  
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∂
∂

=
∂
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++
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Once the temperature distribution is obtained; local 
Nusselt number value is given by the following relation:
   
 

cste

T
H

Nu
=∂

∂
−=

+

ηη
1                                         (14)  

 The average Nusselt number is expressed by:  

∫
−

=
NN

NudNu
NN

θ

θ
θ

θθ 11

1                                         (15) 

2. 1 Numerical Formulation 

To solve the system of equations (11), (12) and boundary 
conditions, we consider a numerical solution by the finite 
volumes method. Where as for the equation (13), we 
consider a numerical solution by the centered differences 
method. 

Both methods are widely used in the numerical solution 
of transfer problems; they are well exposed by Patankar 

(1980) and by Nogotov (1978). Figure 2 represents the 
physical and computational domain. 

We cut out annular space according to the directions η 
and θ from the whole of elementary volumes or “control 
volume” equal to “H2.∆η.∆θ.1”. (The problem is two-
dimensional, the thickness in Z direction is assumed to the 
unity). 

The center of a typical control volume is a point P and 
center of its side faces “east”, “west”, “north” and “south”, 
are indicated respectively, by the letters e, w, n and s. Four 
other control volumes surround each interior control volume. 
The centers of these volumes are points E, W, N and S. the 
scalar variables (vorticity, temperature) are stored at 
centered points in control volumes. Thus transfer equations 
of scalar variables are integrated in typical control volume. 
 
 
 
 
 
 
 
 

FIG. 2 Physical and computational domain 
 

Figure 3 represents a typical control volume and its 
neighbors in a computational domain. 

 
 
 
 
 
 
 

 
 
 
 
 
 
FIG. 3 A typical control volume and its neighbors in a 

computational domain 

2. 2 Discretization of the general transfer equation of a 
variable ϕ in the control volume 

To illustrate the discretization of the transfer equations by 
finite volumes method, we consider the transfer equation in 
its general form: 

ϕ
ϕ

ϕ
ϕ

ϕ S  ) 
θφ   VθH ( 

θ
 ) 

ηφ   Vη H ( 
η

 =
∂
∂

Γ−+
∂
∂

+
∂
∂

Γ−+
∂
∂   (16) 

Sources and diffusion coefficients are specified in table 1. 
 
 
 
 
 



 F.BENDJABALLAH, M.DJEZZAR, A.LATRECHE 

10 
 

Tab. 1 sources and diffusion coefficients of the 
variables ϕ 

ϕ Γϕ Sϕ 

T+ 1/Pr 0 

ω+ 1 
( ) ( ) ( ) ( )[ ]

( ) ( ) ( ) ( )[ ] 

















∂
∂

+−

∂
∂

−

+

+

θ
αθηαθη

η
αθηαθη

TF

TF

h
Gr

  cos ,G sin , 

  sin ,G    cos , 
   

The discretization equation is obtained by integrating the 
conservation equations over the control volume shown in 
Figure 3 Patankar (1980), we obtain the following final form: 
 baaaaa WWEESSNNPP                ++++= φφφφφ                 (17) 

     The coefficients of equation 17 are well defined by 
Patankar (1980), the Power Law scheme used to discretize 
the convectif terms in the governing equations. 

3. Results and discussion 

We consider two configurations for our cavity 
characterized by two values of inclination angle (0° and  
45°) and a geometrical form factor (Fr = 5) which is defined 
by: 

 

 

3.1 Grid study 

Several grids were used arbitrarily for the following 
configuration: (α=0° and Fr=1, for Gr=103, Gr=104 and 
Gr=5.104), to see their effect on the results, table 2 shows us 
the variation of  average Nusselt number and the maximum 
of the stream function value according to the number of 
nodes for each grid. We choose the grid (101x111). 

Tab. 2 Variation of average Nusselt number and the 
maximum of the stream-function value according to the 

number of nodes 

 Gr =103 Gr =104 Gr =5.104 

ηNIxθNN ψmax NUmoy. ψmax NUmoy. ψmax NUmoy. 

41x51 0.090 1.387 5.582 2.689 16.575 4.268 

51x61 0.090 1.387 5.588 2.685 16.572 4.234 

61x71 0.109 1.387 5.593 2.682 16.566 4.197 

71x81 0.130 1.387 5.596 2.680 15.560 4.197 

81x91 0.179 1.387 5.596 2.678 15.555 4.195 

91x101 0.201 1.387 5.596 2.678 15.549 4.190 

101x111 0.219 1.389 5.596 2.674 15.549 4.190 

111x121 0.219 1.389 5.596 2.674 15.549 4.190 

3.2 Numerical code validation 

Kuehn et al. (1976) have developed a numerical study on  
natural convection in the annulus between two concentric 
and horizontal cylinders with a radius was taken equal to 2.6, 
they calculated a local equivalent thermal conductivity, 

defined as being the report of a temperature gradient in a 
convective and conductive heat exchange on a temperature 
gradient in an exchange conduction: 

 

 
 
 

They calculated an average value of the conductivity. To 
validate our numerical code, we compared the average value 
derived from our calculations with their results. Table 3 
illustrates this comparison and we find that quantitatively our 
results and theirs are in good agreement. 

Tab. 3 Comparison of the average thermal conductivity of 
Kuehn with our results 

 
Pr 0,70 0,70 0,70 0,70 

Ra 102 103 6x103 104 

In
ne

r w
al

l Kuehn 1,000 1,081 1,736 2,010 

Presents calculs 1,000 1,066 1,730 2,068 

|E(%)| 0,000 1,388 0,346 2,886 

O
ut

er
 w

al
l Kuehn 1,002 1,084 1,735 2,005 

Presents calculs 1,002 1,066 1,736 2,078 

|E(%)| 0,000 1,661 0,058 3,641 

3.3 Influence of the Grashof number 

3.4 Isotherms and streamlines 

Figure 4 and figure 5 represent the isotherms and the 
streamlines for different values of the Grashof number when 
α=0°. 

We note that these isotherms and these streamlines are 
symmetrical about the median fictitious vertical plane. These 
figures show that the structure of the flow is bi-cellular. The 
flow turns in the trigonometrically direction in the left side 
and in opposite direction in the right one (the fluid particles 
move upwards along the hot wall).   
     For Gr=102 the isotherms are almost parallel and 
concentric curves which coincide well with active walls 
profiles.  In this case the temperature distribution is simply 
decreasing from the hot wall to the cold wall. The 
streamlines of the fluid show that the flow is organized in 
two cells that rotate very slowly in opposite directions. 

1

1

θθ
ηη
−
−

=
NN

NIFr

conduction

T
conductionconvection

T

éqλ

η

η

∂

+∂
+∂

+∂

=
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FIG. 4 Isotherms for e1=0.86, Fr=5, α=0° and respectively 
Gr=102, Gr=103, Gr=104 and Gr=5.104 

 
We can say that the heat transfer is mainly conductive. 

The values of the streamline which are given on the 
corresponding figure are very small. 

For Gr=103 the isothermal lines are transformed 
symmetrically with respect to the vertical axis and change 
significantly, and the values of the streamlines mentioned on 
the same figure, increase also significantly, which translates 
a transformation of the conductive transfer to the convective 
transfer, but relatively low as shown in the isotherms shape. 

However for Gr=104 the isotherms are modified and 
eventually take the form of a mushroom. The temperature 
distribution decreases from the hot wall to the cold wall. The 
direction of the deformation of the isotherms is consistent 
with the direction of rotation of the streamlines. In laminar 
flow, we can say that under the action of the particles 
movement taking off from the hot wall at the symmetry axis, 
the isotherms move away from the wall there. The values of 
the stream functions increase which means that the 
convection intensifies. 

 
 
 
 

 

 

FIG. 5 Streamlines for e1=0.86, Fr=5, α=0° and  

respectively Gr=102, Gr=103, Gr=104 and Gr=5.104 

 
The increase of the Grashof number to 5.104 intensifies 

the convection as shown in corresponding figures. 
Let us note that the isotherms, of all the figures indicated 

above, were plotted with a ΔT+=0.1  

3.5 Local Nusselt Number 

We determine the local Nusselt numbers for which 
changes along the walls are closely related to the 
distributions of isotherms and streamlines, so that, 
qualitatively, these variations and distributions can often be 
deduced from each other. For example, if we consider a 
current point on a wall following a coordinated observation 
of a monotonous reduction in the local Nusselt number 
corresponds to a directed flow following this coordinate, the 
observation of an increase corresponds to a directed flow in 
opposite direction. 

3.6 Analogy between the variation of local Nusselt 
number -isotherms and streamlines 

We thus notice on Figure 6, that the variations of local 
Nusselt number on the inner activate wall are in accordance 
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with what has just been indicated above, a minimum reflects 
an existence of two counter-rotating cells pushing away the 
fluid from the wall, a maximum reflected, on the contrary, 
the existence of two counter-rotating cells providing the fluid 
to the wall. What thus enables us to follow the evolution of 
our flow in our annular space. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

FIG. 6 Variation of local Nusselt number on the inner 
activate wall 

3.7 Variation of local Nusselt number on the hot wall 

Figure 7 illustrates the variation of local Nusselt number 
on the hot wall, and allows us to notice that with the increase 
of the Grashof number, the value of local Nusselt number on 
this wall also increases, which is obvious. 

3.8 Effect of the angle of inclination α 

We examine here the effect of the inclination of the 
system compared to the horizontal plane, the angle α is 
measured from the horizontal plane in the trigonometric 
direction. We used two values of α (0° and 45°). 

 

 

 

Appendix A.  
Appendix B.  
Appendix C.  

FIG. 7 Variation of local Nusselt number on the hot wall 

Appendix D.  

3.9 Case where the inclination angle α is zero 

In this case, the vertical fictitious median plane is in 
principle a symmetry plane for transfer phenomena. 
Therefore by symmetry and in relation to this vertical plane 

depending on the value of Grashof number, the flow is 
organized always in two principal cells rotating in opposite 
directions, as the figures (4-5) show. 

3.10 Case where the inclination angle α = 45° 

When α=45°, the symmetry of the system relative to the 
fictitious vertical plane is destroyed as well illustrated in 
figure 8 and figure 9, the ends of annular space move 
upwards for the right part of the system and downwards for 
the left part. Figure 9 show that the cell of left can more 
develop that its counterpart on the right part and tends to 
occupy the entire annular space as the system is inclined 
more until becoming vertical. 

3.11 Local and average Nusselt number 

The figure 10 which illustrates the variation of local 
Nusselt number on the hot wall shows that for α=0° the 
minimum of local Nusselt number is reached at the angular 
position θ=90°, which is in agreement with figure 5 which 
shows that the two cells meet at this precise place while 
moving away the fluid from this wall. For α=45° the 
minimum of local Nusselt number moves at the position 
θ=53°, which is in agreement also with figure 9 which shows 
that for this inclination, the two cells meet at this angular 
position while moving away the fluid there from this wall. 

 

 

 

 

 

 

 

 

 

FIG. 8 Isotherms for e1=0.86, Fr=5,                       α=45° 
and Gr=5.104 

 

 

 

 

 

 

 

 

 

 

FIG. 9 Streamlines for e1=0.86, Fr=5,  
α=45° and Gr=5.104 

θ=90° 
θ=180° θ=0° 
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The variation of average Nusselt number on the hot wall 

as a function of Grashof number illustrated in figure 11 
which shows that the inclination α is then without influence 
when Gr≤103, this translates that the heat transfer is primarily 
conductive. For the greatest values of the Grashof number, α 
influences the convective transfer. 

CONCLUSION 

We established a mathematical model representing the 
transfer of movement within the fluid and heat through the 
active walls of the enclosure. This model based on the 
assumption of Boussinesq and the bidimensionnality of the 
flow. We have developed a calculation code, based on the 
finite volume method, which determines the thermal and 
dynamic fields in the fluid and the dimensionless numbers of 
local and average Nusselt on the active walls of the 
enclosure, depending to the quantities characterizing the 
state of the system. The influence of the Grashof number and 
the inclination of the system, on the flow in stationary mode 
has been particularly examined. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

FIG. 10 Variation of local Nusselt number 
on the hot wall  

Appendix E.  
Appendix F.  
Appendix G.  
Appendix H.  
Appendix I.  
Appendix J.  
Appendix K.  
Appendix L.  
Appendix M.  
Appendix N.  
Appendix O.  
Appendix P.  
Appendix Q.  
Appendix R.  

 
 
 

FIG. 11 Variation of the average Nusselt number on the 
inner activate wall 

Appendix S.  
The results of the numerical simulations have shown that 

conduction is the regime of heat transfer dominant for 
Grashof numbers lower than 103. For Grashof numbers 

higher than 103, the role of the convection becomes 
dominant, this on the one hand, on the other hand we saw 
that the transfers are better when our system presents 
elements of symmetry. 
Appendix T.  
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Abstract   
 
In astrophysical environment, allowed Gamow-Teller (GT) transitions and space phase factors play an important role in 
determination of transition rates and half-lives, particularly for β-decay in presupernova evolution of massive stars. The 
estimation of these half-lives in neutron rich nuclei is needed in astrophysics for the understanding of supernovae explosions 
and the processes of nucleosynthesis, principally the r-process, and in the experimental exploration of the nuclear landscape. 
Their determination in agreement with experimental results is a challenging problem for nuclear theorists. In this work, the 
total β-decay half-lives and rates of 134-136Sn nuclei at different temperatures are calculated using various interactions 
developed in the light of recently available information on experimental binding energies and low-lying spectra of Sn, Sb and 
Te isotopes in 132Sn mass region. The calculation has been realized using Oxbash code in the frame work of the nuclear 
shell model. With these interactions, one can observe that the effective half-lives increase and the total decay rates decrease 
with increasing temperature. A deviation of half-lives starts at around 0.2 MeV and satures above 10 MeV, but the half-lives 
limit values are slightly different for all interactions. 
 
Keywords: β decay half-lives and rates, Gamow-Teller, Oxbash code, 132Sn region.  
 

 
Résumé  

 
Dans l'environnement astrophysique, les transitions permises de Gamow-Teller (GT)  et les facteurs d'espace de phase jouent 
un rôle important dans la détermination des taux de transition et des demi-vies, en particulier pour la désintégration β dans 
l'évolution des étoiles massives des supernova. L'estimation de ces demi-vies dans les noyaux riches en neutrons est 
nécessaire en astrophysique pour la compréhension des explosions de supernovae et des processus de nucléosynthèse 
principalement dans le processus r, et dans l'exploration expérimentale de la charte nucléaire. Leur détermination en accord 
avec les résultats expérimentaux est un problème difficile pour les théoriciens nucléaires. Dans ce travail, les demi-vies 
totales et les taux de transition des noyaux 134-136Sn sont calculés en fonction de la  température à l'aide de différentes 
interactions développées sur la base d'information récente sur les énergies de liaison expérimentales et les spectres des 
isotopes Sn, Sb et Te dans la région de masse 132Sn.  Les calculs ont été réalisés au moyen du code Oxbash dans le cadre du 
modèle en couches nucléaires. Avec ces interactions, on observe que les demi-vies  effectives augmentent et les taux de 
décroissance diminuent avec l'accroissement de la température. La déviation des demi-vies commence à environ 0,2 MeV et 
sature au dessus de 10 MeV, mais les valeurs limites des demi-vies sont légèrement différentes. 
 
Mots clés : Désintégration β-, demi-vies et  taux de transition, Gamow-Teller, code Oxbash, région de 132Sn. 
 
 

. ملخص          
المسموحة   الانتقالات  الفلكیة،  البیئة  تحدید  Gamow-Teller (GTفي  في  ھاما  دورا  تلعب  الفضاء  طور  وعوامل   (

. تقدیر ا نصاف العمر    supernovaلتطور النجوم الضخمة في    βأنصاف العمر، ولا سیما في التفكك  معدلات الانتقال و
انفجارات   لفھم  الفلكیة  الفیزیاء  في  بالنیوترونات ضروري  الغنیة  الانویة  النووي    supernovaفي  وعملیات الاصطناع 

الظاھرة   في  رئیسي  النrبشكل  الخریطة  على  التجریبي  الاستكشاف  وفي  النتائج  ،  مع  اتفاق  على  تقدیراتھم  وویة. 
الانتقال في  الكلیة ومعدلات  العمر  العمل یتم حساب انصاف  النوویین. في ھذا  بالنسبة للنظرین  التجریبیة مشكلة صعبة 

على    136Sn-134الانویة   تقوم  حدیثة  معلومات  اساس  على  مختلفة وضعت  تفاعلات  باستخدام  الحرارة  درجة  بدلالة 
الربط   للنظائر   طاقات  والأطیاف  المنطقة    TeوSb, Snالتجریبیة  النموذج  132Snفي  اطار  في  الحسابات  إجراء  تم   .

النوویة    البنیة  برنامج  بواسطة  ومعدلات   Oxbashالطبقى  تزداد  الفعالة  العمر  انصاف  أن  لوحظ  التفاعلات،  ھذه  مع 
العمر لأنصاف  الانحراف  یبدأ  الحرارة.  درجة  زیادة  مع  تنخفض  من    MeV0.2بحوالي    التفكك  ابتداء  التشبع  ویدرك 

10MeV .ولكن قیم التشبع لأنصاف العمر مختلفة ببطء ، 
 

 . 132Sn، المنطقة Oxbash،البرنامج   Teller-Gamowانصاف العمر ومعدلات التفكك ، -  βالتفكك : یةالكلمات المفتاح
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ntroduction: 
The neutron-rich nuclei with few valence 

nucleons above the doubly closed 132Sn core are 
interesting to extract empirical NN interaction and 
test the theoretical description of the nuclear 
structure shell model in this mass region [1]. The 
study of structure properties of these nuclei aims to 
gathering new data on decay of Sn isotopes beyond 
the magic 132Sn nucleus. These are of a great 
interest for modeling r-process [2], and 
comprehension the element abundances in the 
universe [3]. For r-process nucleosynthesis, β- 
decay of neutron rich nuclei becomes important 
when the timescale of neutron capture is 
comparable to that of the photodisintegration in the 
vicinity of the neutron shell gaps N= 50, 82 and 126 
[4]. Beside, these neutron closed shells, the r-
process comes closest to the line of β stability and 
falls on the waiting point isotopes, where the β-
decay half-lives are the longest in the r-process path 
[5]. 

In the waiting point approximation, an (n,γ) and 
(γ,n) thermal equilibrium is assumed to be 
established in the nuclei inside an isotopic chain. 
Only β-decay half-lives and neutron binding 
energies are needed [5,6] 

 
Calculations 
 

Large basis calculations are carried out by means 
of Oxbash nuclear structure code [7], in the 
framework of the shell model. In these calculations, 
the Z50N82 valence space consisting of π(1g7/2, 
2d5/2, 2d3/2, 3s1/2,1h11/2) and ν(1h9/2, 2 f7/2, 2 f5/2, 
3p3/2,3p1/2,1i13/2) orbitals above the 132Sn core is 
used with  kh5082 [8], cw5082 [8], cwg [9] , smpn 
[10], kh3, cwΔ5082 [11] and khΔ5082 [12] (1+2)-
body Hamiltonians. 

In the two latest ones, we carry out some 
modifications based on the N-N pairing interaction 
[13]. The p-n tbme, corresponding to eight excited 
states 0-, 1-, 2-, 3-, 4-, 5-, 6-, and 7- of the original 
kh5082 interaction [8], have been modified using 
the renormalization factor 0.74. For n-n tbme, we 
modified those corresponding to 0+ and 2+, 4+, 6+, 
8+ excited states, using 0.48 and 0.6 renormalization 
factors respectively [14]. While, the p-p tbme 
modification correspond to 0+, 2+, 4+ and 6+ excited 
states, with 1.08 renormalization factor [10].These 
renormalization factors, reflecting the reduction of 
pairing in first excited states, were adjusted to 
experimental data in the Sn, Sb and Te isobars. The 
proton and neutron SPE are taken from Ref [15]. In 
the present work, an estimation of the depressed 
energies effect on β- decay rates of the exotic even 

Sn isotope (134-136Sn) above the 132Sn core have been 
calculated. In order to obtain the necessary ft values 
corresponding to the decay of thermally populated 
excited states of the mother to the excited states of 
the daughter nucleus, the calculation of reduced 
transition probabilities are needed. In the case of 
neutron rich nuclei, only Gamow-Teller transitions 
can occur. Indeed, the allowed Fermi transitions in 
the isobaric analogue states (∆T=0) are located at 
an excitation energy higher than that of the ground 
state of the mother nucleus, outside the energetic 
window Qβ. So, it is impossible to observe Fermi 
transitions in the side of neutron rich nuclei. The 
excitation energies and the transition densities of 
134-136Sn and 134-136Sb nuclei are calculated using  
cited interactions, in order to evaluate B(GT) values 
required in the calculation of beta decay rates. It is 
known that the thermal population of excited 
nuclear levels becomes more important with 
increasing temperature and lower excitation energy. 
In the situation of pre-supernovae, the temperature 
of  nuclei is so high that the beta decay rate of a 
nucleus in this astrophysical environment depends 
on it. Also, one can express it by this formula 
[16,17]: 
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where the sums in i and j run over states in the 
mother and daughter nuclei respectively. The 
constant κ=6250 s [18 ,19], and Gi denote the 
partition function of the mother nucleus defined as, 
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Here, Bij are the reduced transition probabilities 
given as a function of Gamow-Teller and Fermi 
transition probabilities by 
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transition probabilities are defined as [17, 19]: 
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              (4) 
here t-(i) and σ(i) stand for the isospin and spin 

vectors of the ith nucleon. Jf and Ji denote 
respectively the final and initial angular momenta, 
and gA, gV are vector and axial-vector coupling 
constants such as [19]:  
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The last factor in Eq. (1), φij, is the phase space 

integral for which the approximation method is 
described in [17,20]. 

In a transition β-, the values of the reduced 
transition probabilities from the state  of the 
mother to the state  of the daughter are used to 
determine the value of ft which is given as[19]: 
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Results and Discussion 
III-1 Spectra 
 
Several data are accumulated in the tin 132 

region, exceptionally the single particle energies 
(SPE). The 134Sb nucleus have one proton and one 
neutron in addition to the tin core. Its low lying 
proton-neutron states have the configuration (π 
1g7/2ν 2f7/2). The 0-, 1-, 2- and 3- excited states are 
observed in the β- decay of the 134Sn [ 21], while 
the state 7- is populated by means of β−n decay in 
135Sn [22]. The spectrum of isotope 134Sn have been 
observed in prompt γ-radiation fission fragments 
from 248Cm. The first three excited states were 
interpreted as members of the ν(2f7/2 2) multiplet 
[23]. 

The isotope 136Sb had been first observed as a β-n 
delayed precursor produced in thermal neutron 
induced fission of 235U, and it has been produced in 
the projectile fission of 138U at the relativistic 
energy of 750 MeV/u on 9Be target [24]. 

Very recently, experiments were carried out at 
the RIKEN Radioactive Isotope Beam Factory 
(RIBF) [25, 26] to study the neutron rich isotopes 
of Sn. In one of the experiments the first 2+ excited 
state in the neutron-rich tin isotope 136Sn has been 
identified at 682(13) keV by measuring γ-rays in 
coincidence with the one proton removal channel 
from 137Sb [25]. The calculated energetic spectra 
(low energies) in comparison with the experimental 
one of the parent and daughter nuclides are 
illustrated in Fig.1 and 2. 
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Fig 1: Calculated energetic spectrum using kh5082, 
cw5082, cwg, smpn, kh3, cwΔ5082 and khΔ5082 in 
comparison with experimental for 134Sn and 134Sb 
nuclei. 
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Fig 2: Calculated energetic spectrum using kh5082, 
cw5082, cwg, smpn, kh3, cwΔ5082 and khΔ5082 
in comparison with experimental for 136Sn and 
136Sb nuclei 

 
These figures show that the getting results using 

the various interactions are in good agreement with 
the experimental data for 134Sn and 134Sb nuclei: the 
kh∆5082 interaction. However, for 136Sn and 136Sb 
nuclei, CWG and kh3 interactions reproduced well 
the experimental spectrum respectively. 
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III-2 Half lives 

The relevant information, for these isotopes 
incorporated for modifications in the decay rates 
that result from inclusion of excited states due to 
thermal excitations, are shown in Table 1. The 
figures 3 and 4 show relative energies of 134-136Sn 
and 134-136Sb nuclei respectively and β- decays 
between different levels. 

Table 1: Relevant information used the calculations. 

 
The selection rules for GT transitions only allow 

transitions from single particle ν1h9/2 orbital to 
π1h11/2 orbital in this model space. But the wave 
function compositions of the relevant low lying 
states in these isotopes of Sn and Sb have very 
small contribution from the shell model 
configurations involving these orbitals. So the 
calculated allowed GT strengths are generally very 
small.  

We have also calculated the Gamow-Teller 
strengths and the half-lives in the temperature range 
from T= 0.01 to 100 MeV (fig.3 and 4). 

While varying the temperature in the nuclear 
field going from 10 keV to 100 MeV, one can 
observe that for the interactions, the effective half-
life increases with increasing temperature for 134-

136Sn. 
 
However, the total rate decreases with increasing 

temperature. The rate partial of decay starting from 
the fundamental state (0+) is quite fast and those 
starting from the excited states 21

+ and 22
+ are of 

two orders of magnitude slower for (kT=1MeV), as 
the beta decay from ground state to ground state of 
daughter is forbidden, but it is quite fast. In the 
range 0.01 MeV to 0.2 MeV, T1/2 is constant at ~ 
1.05 s (134Sn) or ~ 0.25 s (136Sn) corresponding with 
that obtained in laboratory measurements. Beyond 
0.2 MeV (~109K), there is a deviation of this value 
for all interactions used. The deviation starts at the 
same temperature and the saturation is reached 
above 10 MeV. The limit values in 134Sn isotope 
varied between 3s and 9s while in 136Sn isotope they 
have a value around 2.5 s. 

 
 
 
 
 
 

CONCLUSION 
In this paper, we calculate the excitation 

energies, beta decay half-lives and transition rates 
for A=134-136 isobars with two and four valence 
particles in addition to the 132Sn (134-136Sn and 134-

136Sb nuclei). The calculations are carried out in the 
framework of the shell model by means of Oxbash 
nuclear structure code, using kh5082, cw5082, cwg, 
smpn, kh3, cwΔ5082 and khΔ5082 interactions. The 
new experimental values of the single particle 
energies were used. The getting results using the 
various interactions are in good agreement with the 
experimental data in the case of 134Sn and 134Sb 
nuclei : the kh∆5082 interaction. While for the case 
of 136Sn and 136Sb nuclei, CWG and kh3 
interactions reproduced well the experimental 
spectrum respectively. With these interactions, the 
deviation and saturation of half-lives start 
respectively at around 0.2 MeV and above 10 MeV. 
The limit values in 134Sn and 136Sn  isotopes are 3s  
and 2.5 s respectively.  
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Fig 3: β decay rates and half-lives as a function of 
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Fig 4: β decay rates and half-lives as a function of 
temperature for 136Sn  
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Abstract 

 
Numerical simulations of the axisymmetric laminar flow characteristics past a rigid sphere impulsively started are 
presented for Reynolds numbers from 20 to 1000. The results are obtained by solving the complete time dependant Navier-
Stokes equations in vorticity and stream function formulation. A fourth order compact method is used to discretize the 
Poisson equation of stream function while the vorticity transport equation is solved by an alternating direction implicit 
method. Time evolution of flow separation angle and length of the vortex behind the sphere are reported. Time variation of 
the axial velocity in the vortex and the wall vorticity around the sphere are also examined. Secondary vortices are seen to 
be initiated at Reynolds number of 610 and for dimensionless time t about 5. Comparisons with previously published 
simulations and experimental data for steady state conditions show very good agreement.  
 
Mots clés : transient flow, hermitian compact, vortex length, drag, sphere 
 

 
Résumé 

Les simulations numériques des caractéristiques de l’écoulement laminaire axisymétrique     autour d’une sphère rigide en 
démarrage impulsif, sont présentées pour des nombres de Reynolds variant entre 20 et 1000. Les résultats sont obtenus par 
résolution de l’équation  de Navier-Stokes complète, instationnaire dans sa formulation rotationnel-fonction de courant. Un 
schéma numérique compact précis à l’ordre 4 est utilisé pour la discrétisation de l’équation de Poisson pour la fonction de 
courant et est combiné à la méthode implicite aux directions alternées pour l’équation de transport de la vorticité. Nous 
présentons l’évolution temporelle de l’angle de séparation et de la longueur du tourbillon. Nous examinons aussi la 
variation au cours du temps de la vitesse axiale et de la vorticité autour de la sphère. Le tourbillon secondaire est initié au 
temps adimensionné 5 pour un Reynolds proche de 610. Les données numériques et expérimentales, dans le cas 
stationnaire, disponibles dans la littérature présentent une bonne concordance avec nos résultats. 

Keywords: Ecoulement transitoire, hermitian compact, longueur de vortex, sphere. 
 
 

. ملخص          

كة الدافعة مقدمة  محاكاة  عددیة لخصائص الانسیاب الطبقي المتماثل محوریا حول جسم كروي صلب دو الحر
.تحصلنا على النتائج بتحلیل معادلة  نافیي ستوكس  الكاملة و المحظرة على    1000و    20لأعداد رینولدس بین  

 شكل دالة التیار والدوران الدوامي.  
متضامھ     طریقة  ھي  الرابعة  الدرجة  من  بدقة   بواسون  معادلة  لتحلیل  المستعملة  العددي   التفصیل  طریقة 

 یاق طریقة  "الادیئي"   .  استعملت بس
نقدم نتائج التطور الزمني لزاویة الانفصال السیلان من الجسم الكروي و طول الحركة  الدوامیة. قدمنا كذالك 
المحاكاة  بینت  الكروي.  الدوامة على سطح الجسم  قیمة  الدوامة و  داخل  المحوریة  للسرعة  الزمن  التطور مع 

 .    5في الزمن   610ابة عدد رینولدس العددیة میلاد الدوامة الثانویة قر
 .تبین أتفاقا جید بالنسبة للسیلان المستقر مع المحاكاة المنشورة سابقا والبیانات التجریبیة المقارنات

 
 المجال  ، دوامة  طول  المدمجة،  الھرمیتي،  عابرة تدفق :الكلمات المفتاحیة  
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ntroduction : 

 
The steady and unsteady viscous flows over a spherical 
particle have been extensively studied by different   
numerical approaches and experimental methods (Rimon 
and Cheng (1969),Benabbas (1987) Fornberg (1988), 
Johnson and Patel (1999), Lee (2000), Benabbas et al. 
(2003), Gushchin and Matyushin (2006), Sekhar et al. 
(2012)). The transient development of the momentum 
transfer or heat and mass transfer around a sphere has 
received rather much less attention (Benabbas and Brahimi 
(2012)). The accelerating conditions of the particle motion 
have been considered in numerical studies at moderate 
Reynolds numbers (Lin and Lee (1973), Reddy et al. 
(2010)). In the present paper, the time evolution of the flow 
induced by an   impulsively started sphere is considered for 
Reynolds numbers up to 1000. This case constitutes a 
reference model for more complex practical situations such 
as the behaviour of the flow around particles in fluidizing 
systems (Kechroud et al. (2010a,b)). Similar  problem for 
the cylinder has been investigated numerically (Ta Phuoc 
Loc and Bouard (1985), Thoman and Szewczyk (1969), 
Collins and Dennis (1973) and experimentally (Bouard and 
Coutanceau (1980)). A very good agreement between the 
simulations and the experimental results was observed 
including the complex structure of the secondary vortices. 
We have   used   the same efficient numerical method to 
conduct the analysis of the separated laminar flow over a 
sphere. The numerical   method is based on a high-order 
compact scheme for spatial discretization of  the stream 
function equation and   a second-order one (ADI) to handle 
the vorticity equation  while the time discretization is of 
second-order accuracy. The transient development of  the 
flow is examined  through  the presentation  of  its main 
characteristics. Time evolution of the separation angle with 
Reynolds number is presented. The wall vorticity behavior 
for increasing   time and Reynolds number is analyzed. The 
length  of  the  recirculation region with time  behind the 
sphere is also reported.  The magnitude of axial velocities 
in the vortex  illustrates  the increasing strength of flow  
mixing  with  time and Reynolds number. The  Steady  state 
results of drag coefficient, angle of separation and  length 
of  the  recirculation  region  compare very well  with  those 
obtained  by different  numerical  methods  in  previous  
works. 
 
2-Mathematical formulation 
 
2.1 governing equations 
  
 The governing equations for the present 
purpose are the equations of conservation of mass 
(continuity) and momentum (Navier-Stokes ), they 
are written in vector form with dimensionless 
variables  as:  
 

        
                                          (1) 
 

(2) 

     

In this simulation the velocity vector  has two 
components ,  
where p  is the static  pressure and  the fluid density , g the 
gravitational acceleration  ad z  is the height  . 

 , is the Reynolds number  based on the 
sphere diameter 2a, twice the radius a; the velocity of the 
fluid far from the sphere  and ν is the kinematic viscosity 
.We used in equations (1) and (2) the dimensionless 
variables defined as :   ;  ;   

    ;    ;   ;  the 
asterisk  indicates  the dimensional variables. 
Equations (1) and (2) are applied on the domain 

 accompanied with 
the  boundary conditions which are: the no slip condition on 
the surface of the sphere ,  and the 
uniformity of the flow far from the 
obstacle, . 
In addition we get the axisymetric hypothesis of the flow 
around the sphere. 
First of all the unsteady Navier-Stokes equations are 
rewritten in vorticity and stream function formulation. We 
have used, for this purpose, the coordinate transformation  

( )rln=ξ    to refine the mesh  in the vicinity of the 
sphere, where gradients may be important, without 
increasing the number of nodes, otherwise in the angular 
direction we change only the name of the variable , 
the transformed domain is then 

. 
The numerical methodology begins with the first equation 
(1), it’s  used to define the stream function we have: 

  ;                     (3) 
 
Equation (2) is transformed from it’s original form when 
we take it’s rotational, the term of pression get out and we 
have:    
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Otherwise the definition is developped 
in spherical coordinates then the velocity 
components are replaced with the first derivatives 
of the stream function defined from the continuity 
equation  
 

        (4) 

 
 

 
Figure 1 schematic spatial domain   
 

Each point of the transformed domain 
  is specified by it’s 

indices: 
  and   with 

  
 
 

 
Figure 2 transformed domain mesh 

 
 

2.2 Initial and boundary conditions  
 
 Since the simulation is concerned with an 
impulsively started movement, all dependant variables are 
equal to zero at initial time . 
       Otherwise the boundary conditions of the problem 
are translated in terms of the variables and the 
derivatives of  . Therefore, we can write on the sphere 

   

( ) 0),0(),0(       0,0 =
∂
∂

=
∂
∂

= η
η
ψη

ξ
ψηψ and

 

 ),0(.sin),0(2
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∂

  from equation (4) 

                                             
 

for surface conditions on the vorticity,  we have drawn a 
relation from the fourth order Taylor expansion of the 
stream function  using only the first two nodes in the 
radial direction ; after that derivatives of  are replaced 
and then we obtain:  
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The conditions far from the sphere are those of an 
irrotational flow, so they are expressed for t ≥ 0 as: 

 and      

                                              

 
The first and second partial derivatives of   can 
be easily derived from  . 
The axisymetric hypotheses enforce the conditions 
 

 
 

 
 
3-Methodology of resolution 
 
The numerical method used in our simulation is presented 
for the first time in Bontoux (1978) and has proven its 
efficiency to simulate the flow over an impulsively started 
cylinder (Ta Phuoc Loc (1980), Ta Phuoc Loc and Bouard   
(1985). We have extended the use of this method for the 
study of the viscous flow over a sphere at moderate and 
high Reynolds numbers (Benabbas (1987)).  
Because of the absence of boundary conditions on the 
rotational derivatives, the transport of rotational equation is 
not treated by the compact scheme. And it’s the stream 
function equation witch benefits from enough conditions on 
all derivatives . So the use of Hermitian compact for 
equation (8) accompanied with the closure relations from 
the Merhstellen method [Cf. benabbas], for the derivatives 

: 
Equation (8) is rewritten in an pseudo unsteady form and 
we use  Optimum convergence coefficients   of 
WASCHPRESS [ cf. benabbas] they are calculated for  
iterations. 

 
 (6) 

 
For each iteration, equation (9) is discretised relative to 
only one direction so 
 in radial direction we have: 

 
        

 (7) 

 
 

 

 
 
With the boundary conditions 

 

 

 

 
 
And in angular direction we have 

 
 

    

 

 
 

 
With bounady conditions : 

 
 

 
 

Regarding to the transport equation, The Peaceman –
Rachford A.D.I. scheme  is applied to the vorticity transport 
equation (6). The temporal evolution from   is 
calculated in two steps, first of all   

, we have 
First step of the resolution: 
In the angular direction  equation (6)   : 

 

 

 
 

 will correspond to either  or  depending on 
whether the term   has positive or negative 
value, in order to reinforce the principal diagonal. 
 
Resulting in the tridiagonal equations : 

 
 

With the conditions  
And in the second time step: 

 

 

 
 
Then we develop  and then gather identical 
multiplier terms to get  

 
 

Completed With the discretisation of parietal condition on 
the rotational (10) 
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And the irrotational flow far from the sphere :  
 

 
The method combines two numerical schemes. The 
classical ADI scheme is used to  resolve  the transport 
equation of the vorticity and  the other, based on a compact 
hermitian  method, is applied to the Poisson equation of the 
stream function (Benabbas (1987) for the details). This 
equation is treated as a parabolic one with the introduction 
of a pseudo-time and optimum coefficients of convergence 
are used in the iterative calculations. 
 In each direction (ξ and η) new dependant variables are 
taken into account : 

2

2

,
ξ
ψ

ξ
ψψ

∂
∂

∂
∂ and   for the first half time step and 

2

2

,
η
ψ

η
ψψ

∂
∂

∂
∂ and  for the second half time step. 

The steady state is determined with a test on the vorticity 

field ε≤ω−ω + n1n =10-4. 

 
3-Results and discussion 
3.1 steady state flow characteristics 
 
       Time evolution of the laminar separated flow past 
an impulsively started sphere has been calculated for 
various Reynolds numbers in the range of  20  to 
1000. Before presenting transient dynamic behavior of 
the flow field, we would like to illustrate the 
efficiency of the numerical method used by presenting 
comparisons of our calculations for some important 
steady state characteristics with published 
experimental data and simulation results based on 
different numerical methods.  
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       Fig.3: steady state angle of separation                         
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Fig.4: steady state drag coefficient 
 
 

Figure 3 compares results of the angle of separation 
and shows very good agreement between practically 
all the data for the Reynolds numbers considered. The 
drag coefficient is presented in figure 4 and indicates 
an excellent agreement with experimental correlations 
and  numerical results of different authors up to 
Reynolds number of 500. But for higher Reynolds 
numbers our calculations are close to those of 
Fornberg (1988) than the simulations of Feng and 
Michaelides (2001). The vortex length is reported in 
figure 5 and compared with experimental and 
numerical data. We observe a satisfactory agreement 
between them. The DNS results on figures 3 and 5 are 
of Reddy et al. (2010). 
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Fig.5: steady state  length of  recirculation  region   
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All the above confrontations comfort the efficiency 
and accuracy of the numerical method used 
in the present study. 

 
3.2 transient flow characteristics 
        
 Figures 6 and 7 show  the vorticity  at  the surface of 
the sphere with time for Reynolds number 
respectively equal to 300 and 1000. The early stages 
of the flow are characterized  by a fast growth of the 
recirculation region before reaching a slow 
development towards  the steady state. 
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Fig.6: vorticity on the sphere at Re=300 
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Fig.7: vorticity on the sphere at Re=1000 

 
The sign change of the vorticity observed for Reynolds 
number of 1000 and time about t=5 indicates the birth of a 
secondary vortex of  weak  
  strength  which has opposite rotation to the main vortex. 
This happens when the back flow   itself separates from the 
sphere. The Reynolds number for which this phenomenon 
appears first is found to be 610.   
In the case of a cylinder and for Reynolds number  of 1000 
two secondary vortices are observed (Ta Phuoc Loc (1980), 
Bouard and Coutanceau (1980)). 

 

Figure 8 shows forward separation angle versus time 
for increasing Reynolds number. At early times the 
separation  point  moves  at a rapid rate but then 
slowly approaches its steady state value. The transient 
length of the vortex behind  the sphere for the same 
Reynolds numbers is reported on   figure 7.                                              
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Fig.8: time evolution of separation angle 

 
At the early stages the vortex grows rapidly in size 
and then followed by a slow approach to its final 
steady  state  value. The calculated steady state vortex 
lengths compare very well with values reported in 
other numerical and experimental studies as shown 
above (fig.5). 
 

Fig.9: time evolution of vortex length 
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Figures 10 and 11 illustrate time evolution of the axial 
velocity on the axis of symmetry behind the sphere for 
Reynolds numbers of 300 and 1000. We can   observe 
the increasing of the velocity modulus in the vortex 
region with time and Reynolds number but is  limited 
to values  lower than one. In the case of a cylinder, 
values higher than one are calculated (Ta Phuoc Loc 
(1980)). The growth of the velocity modulus with 
time illustrates the action of the convective mixing in 
the vortex. This action becomes stronger with 
increasing Reynolds number. 

1 1.5 2 2.5 3 3.5 4 4.5 5
-0.5

0

0.5

1

 

 
t=1
t=2
t=3
t=5
t=10
t=20
t=30

1 1.5 2 2.5 3 3.5 4 4.5 5
-0.5

0

0.5

1

 

 
t=1
t=2
t=3
t=5
t=10
t=20
t=30

AA xx
ii aa

ll  vv
ee ll

oo cc
ii tt yy

rr** // aa

 
Fig.10:  time variation of axial velocity at Re=300 

 
The null value of the velocity on the axis indicates the 
limit of the vortex region and so its length. For the 
same time, the vortex length is slightly higher for 
Re=300 than for Re=1000.  
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Fig.11: time variation of axial velocity at Re=1000 

 
 
 
 
 

 
CONCLUSION 
        
  The complex problem of the transient laminar 
separated flow over an  impulsively started  sphere 
has been conducted  with efficient  mixed  hermitian 
compact method. The steady state results have been 
successfully compared to the highest accurate 
methods used till now. The transient characteristics of  
the flow have concerned  the vorticity on the  sphere 
under  the influence of Reynolds number and  the  
results  revealed  the appearance of secondary vortex 
at Reynolds number of 610. Time evolution of the 
separation angle and the vortex length are also 
presented and the simulations  have shown a rapid 
growth of these characteristics at the early stages of 
the flow development. The transient behavior of axial 
velocity behind the sphere  indicated  how the 
convective mixing  in the vortex  increases with time 
and  Reynolds number. The present results constitute 
a valuable basis to understand  the enhancement of  
heat and mass transfer in cyclic regime of fluidized or 
fixed beds. 
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Abstract 

A model based on the ungravity proposal is presented. Some applications explaining dark energy and dark matter 
are discussed. 

Keywords: Cosmic magnetic field, redshift, gravitational waves, cosmological observation. 

 
 

Un modèle se basant sur une proposition de la ungravitation est présenté. Quelques applications expliquant 
énergie et matière noires ont été discutées. 

Mots clés : Champ magnétique cosmique, décalage vers le rouge, ondes gravitationnelles, observation 
cosmologique. 

 
   ملخص

 
 یعتمد على فرضیة اللاتجاذب و أقترح بعض التطبیقات تفسر الطاقة المظلمة والمادة السوداء نوقشت.  نموذج

 
    نحو الأحمر، الأمواج الجاذبیة، المشاھدة الكسمولوجیة. الإنزیاحالحقل المغناطیسي الكوني،   : الكلمات المفتاحیة

 
 

I. INTRODUCTION 
From Hubble’s observations of galaxies recession, the 

redshift of galaxies has made a revolution in our view to the 
universe. The Hubble law links two important quantities: the 
cosmological redshift and distance of the observed object 
(galaxies, quasars, or supernovae…). The distance 
recalibration has given more accurate determination of the 
cosmological distances and results a big change of Hubble 
Constant from 500km/s/Mpc as initial estimation, to around 
70km/s/Mpc, the actual accepted value from the cosmic 
microwave background observations. This latter is one of the 
key parameters of the modern cosmology.  

We investigate a new effect that can be in origin of 
supplementary redshift contributing with the one of 
cosmological origin to the total observed redshift of galaxies. 
Our aim in this work is to prove the origin and estimate the 
contribution and implications of this non cosmological 
redshift. This new redshift effect does not result from the 
universe expansion or the peculiar motion of galaxies. It is 
due to the photon radiation of high frequency gravitational 
waves in an external magnetic field. The estimation of this 

effect on the total observed redshift will serve as another 
recalibration of the cosmological parameters improving our 
understanding to the universe.  

The following sections are organized as follow: the next 
section present the methodology to follow; after that, a 
section to give the results on the non cosmological redshift 
contribution; then, one for the foundation and argumentation 
to compare with previous works; finally, discussion and 
conclusion section to suggest some possible evidence and 
observational contaminations with this new non cosmological 
redshift. We take the convention on units as: 
(𝑐𝑐, 𝜅𝜅, µ0) representing the speed of light, gravitational 
constant of Einstein equations and the Permeability of the 
vacuum respectively. 

II. METHODOLOGY: COMPUTE THE REDSHIFT 
EFFECT 

 
We are interested in the light propagation through 

spacetime and their gravitational interaction. In the Einstein 
theory of gravity, the energy momentum tensor part includes 
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the matter and electromagnetic fields contributions. We 
restrict the study to the vacuum case (absence of matter). The 
background is a flat spacetime represented by Minkowski 
metric(𝜂𝜂µ𝜈𝜈).  We treat the weak Linearized gravity [1-3] 
where the curvature caused by the energy of the 
electromagnetic waves will be small enough to be a 
perturbation given by (ℎµ𝜈𝜈) in the first order approximation 
of the metric as in (1) and the Einstein equations will be as in 
eq.(2).. 
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𝜂𝜂µ𝜈𝜈ℎ𝛼𝛼𝛼𝛼 . In vaccum and 

with the traceless transverse gauge as in (3), we define 
solutions of equations (2) as gravitational waves.  
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We assign an energy-momentum tensor 𝑡𝑡µ𝜈𝜈 to the 

gravitational field itself just as we do for electromagnetism, 
or any other field theory. Physically, we accept the 
gravitational radiation that will carry a part of energy-
momentum just as any physical radiation does. In the weak 
Linearized gravity, this contribution can be shown in Einstein 
tensor as in (4) and (5) by considering the higher orders of the 
perturbation ℎµ𝜈𝜈. 
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We should, at each point in spacetime, average over a small 

region in order to probe the physical curvature. It is worth a 
good approximation to take the second order only. For a 
metric having the form in (1), the gauge invariant measure of 
the gravitational field will be given as in (6). 
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 The energy carried by the physical gravitational waves is 

determined by the energy flux F in the propagation direction 
that is only the 𝑡𝑡0𝑖𝑖 components of this energy momentum 
tensor. The energy loss computed with method for the binary 
pulsar was observed by Hulse and Taylor [4] for 
PSR1913+16 within an accuracy of 3%. These observations 
are the evidence of the gravitational waves and give a Nobel 
Prize to Hulse and Taylor in 1993.   

When interested to the gravitational interactions of 
electromagnetic waves, the methodology to follow is: first, 

we compute the electromagnetic fields 𝐹𝐹µ𝜈𝜈 energy momentum 
tensor as in (7), and then compute the solution to the weak 
Linearized gravity equations as in (2), after that accept 
solutions with non-vanishing energy momentum tensor of the 
radiated gravitational waves, finally compute the energy 
carried by these physically accepted radiations. The energy 
carried will be seen as a redshift in the electromagnetic wave 
frequency. 
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III. NON COSMOLOGICAL REDSHIFT EFFECT 
 

Following the steps described previously, we have 
computed three possible situations. First, plane transverse 
electromagnetic waves have vanishing energy momentum 
tensor even for higher orders. Then, plane electromagnetic 
waves in a transverse magnetic (or electric) mode have non 
vanishing energy momentum tensor. This situation is more 
likely to find in electromagnetic waves propagating in a 
medium. Finally, monochromatic plane transverse 
electromagnetic waves propagating in the presence of 
external magnetic fields have a non vanishing energy 
momentum tensor. This situation can be found in a 
cosmological context.  

Dealing with Minkowski space described by Cartesian 
coordinates, the external transverse magnetic field 𝐵𝐵�⃗ 𝑒𝑒𝑒𝑒𝑒𝑒 =
(𝐵𝐵𝑒𝑒,𝐵𝐵𝑦𝑦 , 0) will be static, homogenous and extend in a 
restricted spatial area where (𝐿𝐿) represents the coherent 
length of the magnetic fields. The electromagnetic wave is 
considered to propagate in the z-direction from (−∞).The 
electric and magnetic vectors are 𝐸𝐸�⃗ 𝑝𝑝ℎ𝑜𝑜𝑒𝑒𝑜𝑜𝑜𝑜 = (𝐸𝐸0𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘(𝑡𝑡 −
𝑧𝑧)),0,0) and 𝐵𝐵�⃗ 𝑝𝑝ℎ𝑜𝑜𝑒𝑒𝑜𝑜𝑜𝑜 = (0,𝐵𝐵0𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘(𝑡𝑡 − 𝑧𝑧)),0) where the 
wave number is (𝑘𝑘 = 2𝜋𝜋𝜋𝜋)and (𝐵𝐵0 = 𝐸𝐸0) and the photon 
frequency is (𝜋𝜋). The radiative energy momentum tensor of 
these electromagnetic fields is only the intersection part of the 
type fields.  

The space of propagation can be decomposed to three 
parts; the first and the third parts with no magnetic fields and 
the second where the electromagnetic waves will radiate 
gravitational waves losing energy in this process. To find this 
loss in energy, we first solve the equations (2) in the three 
parts, respecting the continuity condition (8), and then follow 
the other steps of our methodology. 
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 The energy momentum tensor, for the out-going 

gravitational radiations in the third part, has non-vanishing 
components, as given in (9), for light waves propagating in 
an external magnetic field.  
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To determine the loss of photon's energy 𝐸𝐸, we consider 
the energy flux 𝐹𝐹 in the propagation direction that can be 
given by (10).  
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Where: (𝑑𝑑𝜴𝜴𝜴𝜴𝜴𝜴) represent the variation in time and in the 

surface perpendicular to the direction of propagation. We set 
up a new non expansion part of the observed redshift on our 
result derived from the energy loss due to the gravitational 
radiation in an external magnetic field from photons. The 
relation of the non cosmological redshift (𝑧𝑧𝑁𝑁𝑁𝑁), as in (11), 
will be exponentially proportional to the transverse external 
magnetic field strength 𝐵𝐵⏊ = �𝐵𝐵𝑒𝑒2 + 𝐵𝐵𝑦𝑦2 and coherent length 
(𝐿𝐿).  
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The new non expansion part of the redshift must be 
considered from the widespread magnetic field of galaxies, 
clusters, filaments in large scale structure [5-6]. The magnetic 
fields in the universe has take ample evidence in a wide 
variety of scales and magnitudes: galactic ranges with 
strength 1μG and coherent length of few kpc, clusters ranges 
with 1-10μG and coherent length 10-100kpc and filaments 
ranges with 0.3μG and coherent length 1Mpc. This proved 
redshift has a significant amount for the magnetic field that 
has, as an average, strength of 1μG that spread on a coherence 
length of 100kpc. The magnitude of the redshift zNC for 
cosmic magnetic fields will be 13.45 × 10−3  and grow when 
the field is stronger or have more coherence length. The 
spacetime curvature of Schwarzschild spacetime will also 
contribute to our redshift as given in (12) as a first 
approximation to the situation. 
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Our amplifier redshift depends on some fundamental 

properties of galaxies and clusters. These three parameters are 
the magnetic field strength(𝐵𝐵), the effective spatial spread or 
the coherence length (𝐿𝐿) and the total mass of galaxies or 
clusters (𝑚𝑚) included in the total mass of the luminous object 
causing the spacetime curvature. We have to associate the 
two redshifts in the global observed redshift (𝑧𝑧𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜), as 
given in (13), as done by many authors [7]. 

 

  )1)(1(1 NCCobserved zzz ++=+            (13) 
 
(𝑧𝑧𝑁𝑁) is the cosmological redshift due to the expansion and 

(𝑧𝑧𝑁𝑁𝑁𝑁) is the non cosmological redshift or the non expansion 
origin such as our redshift. This new redshift effect will be 
like an amplifier of the observed cosmological redshift of 
galaxies due to their own magnetic field or for galaxies in 
clusters of filaments by the intergalactic magnetic field. 

IV. FOUNDATION AND ARGUMENTS 

The propagation of electromagnetic waves in external 
magnetic fields is studied previously and referred as 
Gertsenshtein effect. In some works [8-16], the Gertsenshtein 

effect and its inverse are viewed as processes of photon 
graviton conversion. They have used some probability 𝑃𝑃 =
4𝜋𝜋𝜋𝜋𝐵𝐵2𝐿𝐿2 of conversion depending on the external magnetic 
field and its coherence length. The photon graviton 
conversion has been explored as a possible mean to generate 
the observed anisotropies of the cosmic microwave 
background. Cillis and Harrari [17] estimate the faint 
possibility of conversion that will tend to be smaller in the 
existence of plasma. The plasma will make the probability 
depending to the photon frequency and so cannot produce 
detectable anisotropies in the cosmic microwave background. 
Ejlli [18] present a new paper in the same subject. Pshirkov 
and Baskaran [19], contrarily to the previous view and in the 
presence of a strong enough high frequency gravitational 
wave background, significant anisotropies in the microwave 
background will be produced by the inverse Gertsenshtein 
effect.  

The non cosmological redshift effect is believed to clarify 
some misunderstanding done in the construction of the 
conversion view. First, The Einstein field equations and the 
electrodynamics equations in curved space time that describe 
the Gertsenshtein effect and its inverse are classical theories 
do not deal with quantums and we cannot deduce a 
conversion between the photon and the graviton. Second, the 
probability of conversion was a ratio between the carried 
energy and the initial energy of electromagnetic waves; 
representing more a transferred energy than a probability. 
Third, the non cosmological redshift is computed by the loss 
energy method that was in origin of the observations of Hulse 
and Taylor. For the special case of microwave background 
anisotropies, the high frequency gravitational waves 
background has no evidence of black body spectrum shape 
and their conversion to microwave photons will produce a 
random spectrum. The non cosmological redshift effect is 
believed to be more coherent and consistent with a method 
that give observed results.  

V. DISCUSSION AND CONCLUSION 
As an application, this effect can be an explanation of some 

anomalous redshift as a discordant behavior of our amplifier 
redshift such as: Stephan Quintet the compact interacting 
galaxy group, the galaxy-quasar associations and the 
discordant redshifts of some types of galaxies [20-21]. We 
have found that in all the above mentioned cases, a relation 
between these anomalous redshifts and the existence of 
strong sources of magnetic field supporting the nature of our 
non cosmological redshift.  

Other implications are possible observational 
measurement contamination. Several models predict a 
primordial cosmic magnetic field from the inflation, given a 
possible primary and secondary CMB anisotropies can be 
from the non cosmological redshift origin. The redshift 
observations of the Supernovae SN Ia have to be amplified 
by this effect. These two possible observational measurement 
contaminations affect the cosmological parameters 
estimations through CMB and SN Ia measurements. The 
observational measurements of the cosmic magnetic field by 
the Faraday rotation [22], defined in (14) and (15), have to 
consider this effect and reconsider the actual measured 
magnetic fields and electron densities of galactic and 
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intergalactic medium. 
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Where: (𝑧𝑧𝑜𝑜) source of light redshift, (𝐵𝐵||) longitudinal 

magnetic field and (𝑛𝑛𝑒𝑒) electron density in the medium. The 
total observed redshift will be amplified compared to the case 
without magnetic fields in the line of sight trajectory. Due to 
this non cosmological redshift, objects in the existence of 
magnetic field will be apparently more distant. This effect on 
the distance of cosmic objects estimation is crucial in many 
fields of astrophysical study, such as the ultrahigh energy 
cosmic rays UHECR, Greisen–Zatsepin–Kuzmin cutoff [23] 
and the sources identification problem [24].   

It is worth to mention that this non cosmological 
contribution will account for the recalibration of Hubble 
parameter and the dark matter content of galaxies and 
clusters.  

Our preliminary results are qualitative and not quantitative 
(more studies are under investigations). 
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Abstract 

Some viable models in a 5D space-time are presented and Friedman like equations are also obtained. A dynamical 
study is also investigated. 

Keywords: Extra dimension, Dynamical  study   

 

Quelques modèles viables dans espace-temps a 5D ont été présentés et des  équations du type Friedman 
ont été obtenues. Une étude dynamique a été aussi investie. 

Mots clés : dimension supplémentaires, étude dynamique. 
 

   ملخص

 أبعاد قد طرح ومعادلة فریدمان المناسبة قد استنتجت. دراسة دینامیكیة قد استعملت.  05بعض النماذج الحیویة في فضاء زمكان ذو 
 

 .بعد إضافي، دراسة دینامیكیة : الكلمات المفتاحیة
 
 
 

I. INTRODUCTION 
 
         In 1919, Theodor Kaluza developed a fundamental 
description to unify the electromagnetism and gravitation 
forces by introducing extra-dimensions in General 
Relativity[1]. the Standard Model can not describe the 
gravitation because of  its high energy scale (10¹⁵Gev), which 
leads us to look for a new physics. 
    By using the fifth dimension and according to Kaluza-
Klein, the start was with a pure five dimensional gravitation 
but all the fields  have to be independents of this extra-
dimension and they can be written as a function of four-
dimensional fields where the Maxwell equations are hidden 
in Einstein equation. 
    In this case, Kaluza theory preserves the geometry of 
General Relativity but the electromagnetic fields are added as 
a vibration in the five-dimensional space. 
    In 1926, Oskar Klein succeeded to explain why we can not 
perceive the additional dimension. He  has considered that the 
five-dimensional fields are independent from the extra-
dimension, which must be compactified. This means that it 
has a topology of a circle. for example a cylinder with a radius 
of the order of Plank length (it is extremely small). 

The recent observations indicate that our universe is in a large 
scale in accelerated expansion. This was first observed from 
high red shift supernova Ia [1 ,7], and confirmed later by 
cross checking from the cosmic microwave background 
radiation [8,9]. The expansion rate was explained in the 
cosmological standard model by adding dark energy , which 
has a negative pressure . However, the nature of dark energy 
as well as dark matter is yet unknown , as long as the solution 
is not yet obtained in the context of  the standard General 
Relativity. This leads to suggest a five dimensional model. 
Mohammedi gives an alternative explanation to dark energy 
responsible for the accelerated expansion of the universe by 
incorporating extra dimensions into Friedmann-Robertson-
Walker (FRW) cosmology [10].  
            In this paper, we concentrate on some cosmological 
models with just one extra dimension and look for exact 
solutions as well make  a general dynamical study to 
understand the stability and behavior of the general solutions. 

II. FRW UNIVERSE WITH ONE EXTRA 
DIMENSION  

The metric of a 5D space-time with a 4D spherical symmetric 
universe, isotropic and homogenous has the following form 
[11]: 
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𝑑𝑑𝑠𝑠2 = 𝑑𝑑𝑡𝑡2 − 𝑅𝑅2(𝑡𝑡) �
𝑑𝑑𝑑𝑑2

1 − 𝑘𝑘𝑑𝑑2
+ 𝑑𝑑2(𝑑𝑑𝑑𝑑2 + 𝑠𝑠𝑠𝑠𝑠𝑠2𝑑𝑑𝑑𝑑𝑑𝑑2)� 

−𝐴𝐴2(𝑡𝑡)𝑑𝑑𝑑𝑑2 
                                                                                      (1) 

 
Where A(t) is a scale factor of the extra-dimension, y is the 
fifth coordinate, k=-1,0,1 depending on the type of the 3D 
space geometry. By using the metric F.R.W and the perfect 
fluid stress-energy tensor, the 5D, FRW field equations are of 
the form 

𝜌𝜌 = 3
�̇�𝑅2

𝑅𝑅2
+ 3

𝑘𝑘
𝑅𝑅2

+ 3
�̇�𝑅�̇�𝐴
𝑅𝑅𝐴𝐴

 

𝑝𝑝 = −[2 �̈�𝑅
𝑅𝑅

+ �̇�𝑅2

𝑅𝑅2
+ 𝑘𝑘

𝑅𝑅2
+ �̈�𝐴

𝐴𝐴
+ 2 �̇�𝑅�̇�𝐴

𝑅𝑅𝐴𝐴
]                                                               

𝑝𝑝5 = −3 ��̈�𝑅
𝑅𝑅

+ 𝑘𝑘
𝑅𝑅2

+ �̇�𝑅2

𝑅𝑅2
�                                   (2)                                  

where a dot denotes a time derivative, and 𝑝𝑝,𝜌𝜌 𝑎𝑎𝑠𝑠𝑑𝑑 𝑝𝑝5  
represent the  energy density, pressure  in  4D  and  1D  extra  
dimension  spaces  respectively. 
         We consider a flat space-time  (k=0) with an expansion 
speed in extra dimension is constant (A=0), then, take into 
account the fact that the universe fluid is perfect (𝑝𝑝 = 𝑤𝑤𝜌𝜌) 
we will get the following equation: 
 
          �̇�𝐻 + 3

2
(1 + 𝑤𝑤)𝐻𝐻2 + �2+3𝑤𝑤

2
� � 𝑐𝑐

𝑐𝑐𝑐𝑐+𝑐𝑐0
�𝐻𝐻 �̇�𝐴

𝐴𝐴
= 0            (3) 

 
where 𝑐𝑐, 𝑐𝑐0 are integration constants and 𝐻𝐻  is the Hubble 
parameter. The form of the equation is  
 
𝐻𝐻�(𝑡𝑡) = (2+3𝑤𝑤)

−3(�̂�𝑐−1)(1+𝑤𝑤)+(2+3𝑤𝑤)
                                         (4) 

 
Where 
  
                  𝐻𝐻0𝑡𝑡0 = 𝜏𝜏 = 1, 𝑐𝑐

𝑐𝑐0
= �̂�𝑡,𝐻𝐻� = 𝐻𝐻

𝐻𝐻0
 

 
Now we obtain the following fig1 

 
 

𝑑𝑑𝐻𝐻
𝑑𝑑𝑐𝑐

= 𝐻𝐻2(1 − 𝑞𝑞) ⇒ 𝑞𝑞 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑+𝐻𝐻

2

−𝐻𝐻2
, 

 

notice that 𝐻𝐻 ≻ 0 (see fig1), then q≺0.  We deduce that the 
universe is in accelerated expansion. 

III. DYNAMICAL STUDY I 
We will write the Friedmann equations as a  function of 
Hubble parameter 𝐻𝐻𝑅𝑅 ,𝜌𝜌 and 𝐻𝐻𝐴𝐴according the first 
Friedmann equation we find: 
 
                   �̇�𝐻𝐴𝐴 = �2𝛾𝛾+1

3
− 𝑤𝑤� 𝜌𝜌 − 𝐻𝐻2

𝐴𝐴 − 3𝐻𝐻𝑅𝑅𝐻𝐻𝐴𝐴           
 

�̇�𝐻𝑅𝑅 = −(1 + 𝛾𝛾) 𝜌𝜌
3
− 𝐻𝐻2

𝑅𝑅 + 𝐻𝐻𝑅𝑅𝐻𝐻𝐴𝐴          (5)                                       

�̇�𝜌 = −[3𝐻𝐻𝑅𝑅(1 + 𝑤𝑤) + 𝐻𝐻𝐴𝐴(1 + 𝛾𝛾)]𝜌𝜌               

the analysis leads to the following cases: 
 
if 𝑤𝑤, 𝛾𝛾 > 0, we find the critical point𝜌𝜌 = 0,  𝐻𝐻𝑅𝑅 = 0,𝐻𝐻𝐴𝐴 = 0, 
which correspond to a flat and static space for 4D universe 
and for 1D extra dimensional space. 
 
If 𝛾𝛾 = −1 𝑎𝑎𝑠𝑠𝑑𝑑 𝑤𝑤 = −1, one has the following critical 
points:    ⋅ 𝜌𝜌 = 0,𝐻𝐻𝑅𝑅 = 0,𝐻𝐻𝐴𝐴 = 0, which correspond to a flat 
and static space for 4𝐷𝐷 universe and for 1𝐷𝐷 extra dimensional 
space. 
⋅ 𝐻𝐻𝑅𝑅 = 0,𝐻𝐻𝐴𝐴 = 1.101, such that , it corresponds to a static 
space for 4𝐷𝐷 universe and an accelerated 1𝐷𝐷 extra 
dimensional space. Figure(2) displays the phase portrait for 
critical point {(𝐻𝐻𝑅𝑅 ,𝐻𝐻𝐴𝐴) = (0,1.101)}  ,such that we have a 
"saddle node point". 
⋅𝐻𝐻𝑅𝑅 = 0.545,𝐻𝐻𝐴𝐴 = 0.545, such that 𝜌𝜌 = 6𝐻𝐻𝐴𝐴² = 1.787, it 
corresponds to flat space and accelerated for 4𝐷𝐷 universe and 
1𝐷𝐷 extra dimensional space, figure(3) displays the phase 
portrait for critical point {(𝐻𝐻𝑅𝑅 ,𝐻𝐻𝐴𝐴) = (0.545,0.545)} which 
is "stable nodal sink". 
 

 
 
 
 
 
 
 



SOME VIABLE MODELS FOR EXTRA DIMENSIONAL UNIVERSE 

35 
 

 

IV. FRIEDMAN EQUATION WITH SHEAR 
VISCOSITY 

 
we consider 𝑝𝑝 = 𝑝𝑝 + ℎ(𝑡𝑡)𝐻𝐻𝑅𝑅 , equations of Friedman 
become 

                𝜌𝜌 = 3 �̇�𝑅2

𝑅𝑅2
+ 3 𝑘𝑘

𝑅𝑅2
+ 3 �̇�𝑅�̇�𝐴

𝑅𝑅𝐴𝐴
          

𝜌𝜌 = 3
�̇�𝑅2

𝑅𝑅2
+ 3

𝑘𝑘
𝑅𝑅2

+ 3
�̇�𝑅�̇�𝐴
𝑅𝑅𝐴𝐴

 

𝑝𝑝 = −�2 �̈�𝑅
𝑅𝑅

+ �̇�𝑅2

𝑅𝑅2
+ 𝑘𝑘

𝑅𝑅2
+ �̈�𝐴

𝐴𝐴
+ 2 �̇�𝑅�̇�𝐴

𝑅𝑅𝐴𝐴
� − h(t)𝐻𝐻𝑅𝑅       (6) 

 𝑝𝑝5 = −3 ��̈�𝑅
𝑅𝑅

+ 𝑘𝑘
𝑅𝑅2

+ �̇�𝑅2

𝑅𝑅2
� 

We consider  ℎ(𝑡𝑡) = 𝛼𝛼𝐻𝐻, and by using the equation p=wρ  
we find the expression: 
 
                  𝐻𝐻�(𝑡𝑡) = (2+3𝑤𝑤) 

−9(�̂�𝑐−1)(1+𝑤𝑤)+2(2+3𝑤𝑤)
                   (7) 

Then, we obtain the following figure: 
 

 

 

𝐻𝐻� > 0 𝑎𝑎𝑠𝑠𝑑𝑑 𝑑𝑑𝐻𝐻�
𝑑𝑑𝑐𝑐

> 0 → 𝑞𝑞 < 0,  there is an   accelerated 

expansion  

V. DYNAMICAL STUDY II 
 
 In the same way we find these dynamical equations 

            �̇�𝐻𝐴𝐴 = �2𝛾𝛾+1
3

− 𝑤𝑤�𝜌𝜌 − 𝐻𝐻2
𝐴𝐴 − 3𝐻𝐻𝑅𝑅𝐻𝐻𝐴𝐴 − 𝛼𝛼𝐻𝐻𝑅𝑅         

           �̇�𝐻𝑅𝑅 = −(1 + 𝛾𝛾) 𝜌𝜌
3
− 𝐻𝐻2

𝑅𝑅 + 𝐻𝐻𝑅𝑅𝐻𝐻𝐴𝐴                (8)                                        

�̇�𝜌 = −[3𝐻𝐻𝑅𝑅(1 + 𝑤𝑤) +𝐻𝐻𝐴𝐴(1 + 𝛾𝛾)]𝜌𝜌 − 3𝛼𝛼𝐻𝐻2
𝑅𝑅              

taking in account   finally, we obtain these critical points  

1) 𝐻𝐻𝑅𝑅 = −0.5𝛾𝛾2 𝛼𝛼
2+𝛾𝛾2−3𝛾𝛾𝑤𝑤

,   𝐻𝐻𝐴𝐴 = 0.5 𝛼𝛼𝛾𝛾(2+𝛾𝛾)
2+𝛾𝛾2−3𝛾𝛾𝑤𝑤

 

      𝜌𝜌 = −� 1.5𝛼𝛼2𝛾𝛾3

(2+𝛾𝛾2−3𝛾𝛾𝑤𝑤)2
� 

 
2)   𝐻𝐻𝑅𝑅 = 0 , 𝐻𝐻𝐴𝐴 = 0 ,𝜌𝜌 = 0 

VI. DISCUSSION 
 
The critical points are defined such that: 
 

2 + 𝛾𝛾² − 3𝛾𝛾𝑤𝑤 ≠ 0 
 
the region (𝑤𝑤 < 0) give us value negative of pressure 
(dark energy). 
 
For an accelerated expansion in 4 dimensions it must 
 

For the first point → � 𝛼𝛼 < 0
2 + 𝛾𝛾2 − 3𝛾𝛾𝑤𝑤 > 0 

 
for positive values of the energy density we must have 𝛾𝛾 <
0. Figure 3 displays the allowed values of 𝑤𝑤 and 𝛾𝛾. 
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Example : 
  
For 𝛾𝛾 = −1,𝑤𝑤 = 1,𝛼𝛼 = −1, and in order that the 
eigenvalues are defined, we must have  (𝑤𝑤 > −1)   . This 
leads to a phase portrait of a (Nodal Sink ) type. 
 
For the second point  
 

𝛾𝛾 > 0 → � 𝛼𝛼 > 0
2 + 𝛾𝛾2 − 3𝛾𝛾𝑤𝑤 < 0 

                                                  Or       

� 𝛼𝛼 < 0
2 + 𝛾𝛾2 − 3𝛾𝛾𝑤𝑤 > 0 

This is impossible because it give us 𝜌𝜌 < 0  

VII. CONCLUSION 
 
In  this  work  we  have  studied a model  of   1D  extra  
dimension, and  have considered that our universe has a 
viscous . We tried to find exact solutions, and make a 
dynamical study for  the  general  case. The obtained results 
indicate that the FRW model with viscous fluid is viable and 
give an accelerated expansion without dark energy.  
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