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Résumé

Dans cet article, nous présentons une réponse statique d’une membrane fine au silicium de forme carré ou
rectangulaire, soumise a une pression constante et uniforme, dans ce cas de faibles perturbations. Nous utilisons
la méthode de Galerkin avec des fonctions de base trigonométrique pour obtenir une solution w(x,y) précise et

simple, en tout point de la membrane.

Cette derniére est utilisée comme corps d’épreuve sur laquelle quatre jauges piézorésistives sont implantées
et connectées en pont de Wheatstone. Nous avons déterminé les caractéristiques du capteur tel que le facteur de
jauge (K), la sensibilité (Sp) et la tension de sortie (AV). Les résultats obtenus montrent que la variation de la
résistance en fonction de la pression est linéaire sur une gamme de pressions de [0 & 10] bar.

Mots clés : Déformation, méthode de Galerkin, membrane, jauges piézorésistives, capteur de

pression, sensibilité.

Abstract

In this paper, we present a static response of a square or rectangular silicon membrane under uniform
and constant pressure, in the case of weak perturbations. We employ Galerkin method with
trigonometrical basis functions to provide an accuracy and simple solution w(x,y) for the silicon

membrane.

We then investigated a piezoresistive pressure sensor that have a silicon diaphragm with rectangular
or square shape and employ piezoresistives gages.
Wheatstone bridge. The gages factor (K), sensitivity (S,) and
results obtained show that the change of resistance due to pressure was linear over a pressure range of [0

to 10bar].

Keywords : Deformation, Galerkin method, membrane, piezoresistives gages, pressure sensor,

sensitivity.
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These gages are linked together in the form of
output voltage (AV) is analysed. The

Several fields require the application of pressure sensors with
increasingly high performances. Silicon has good properties like
material for piezoresistive pressure sensors, which are improved by
micromechanical technology allowing manufacture of mechanical
structure three-dimensional miniaturized. A piezoresistive pressure sensor
is composed of a micro machined silicon membrane on which four
piezoresistive gauges are implanted (or diffused) by a planar process
technology [1]. The variations of treatment on the substrate cause
fluctuations of the profile of doping and geometry gages bridge. The
principle of the piezoresistive sensor is based on the variations of the
resistance of the gages when they are subjected to a pressure, in general
60% of the membrane deformation is found on the gages if they are well
positioned [2]. This change in they stresses, produces a sensor output
voltage proportional to applied pressure. The study of the sensors
response leads to determine the silicon membrane deflection w(x, y) as a
function of the applied pressure P. Thus in the first time we will study the
membrane mechanical behaviour, by determining the relation between the
deflection w(x,y) and pressure applied to a square or rectangular
membrane having a weak deflection with clamped boundaries. And the
influence of the membrane dimension ratio r is analysed. In the second
time the different mechanical stress at any point and the center of the
membrane deflection wy, are also determined by using elasticity theory
[3]. Then we locate the gages positions and evaluate their performances.
Finally we deduce the sensor output voltage AV = f (P) and pressure
sensitivity Sy,
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1. MODELLING OF MEMBRANE

A rectangular or square Silicon membrane is described
in figure 1. It is a micro structure directed according to the
crystallographic plan (110) deposited on a substrate of
orientation (100) [4, 5], whose dimensions are (figure 2) :

Length: 2a according to the x axis ;

Width: 2b according to the oy axis ;

height: h according to the oz axis, with h<<2a and h<<2b
(assumptions of thin plate).
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Figure 1 : Schematic top- view of the diaphragm.

We  define r (r:E) as the ratio of membrane
a

dimensions. According to the theory of the thin elastic and

anisotropic  silicon membrane [3-6], the membrane
behaviour is described by the partial differential equation :
4 4 4
0 W(>§, y)+2a5i 0 wz(x,zy)+6 W(>:,y) _P )
OX ox oy oy D

Where w(x, y) is the membrane deflection in the case of
the weak disturbances, w << h and P is a uniform and static
pressure. With ag; is the anisotropy coefficient and D is the
membrane stiffness, they are defined by [7]:

a, =v+—(1-v*) ()
p=__EN (3)
12(1-v?)
o
A ——
R;
2a R, Eﬁ
Ox
R,
——
v

Figure 2a : The gages location on the square membrane
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Figure 2b : The gages location on the rectangular membrane

Ry, R; are the longitudinal gages
R,, Ry are the perpendicular gages

Figure 2 Schematic top-view of the diaphragm with
piezoresistive gages.

Where v is the Poisson's ratio, E the Young modulus
and G the Coulomb (shear) modulus, P is applied pressure.
The boundary conditions imposed by the embedding of the
membrane on its edges [3] are:

w(x =%a,vVy)=0 (4a)
w(Vx,y =b)=0 (4b)
ow (x=%a,Vy)=0 (4¢)
OX
W .y = +h) = 0 (4d)
oy

This is a fourth equation for w(x, y), the exact solution
of this type of problem does not exist.

However several approaches were proposed, in
particular the Ritz method and the Galerkin method [8-14].

We use the membrane deflection expression W(X, y)
obtained by F.Kerrour and F. Hobar [13, 14] given by:
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n on i i
W(X,y):% Z z kij COSZ((2I+1)ﬂXjCOSZ((ZJ+1)ﬁyj (5) 1
4i=0j=0 2a 2b 0.9
From this expression we can deduce the deflection 0.8
membrane w(X, y) at any point. 0.7
And we define the maximum deflection in the center of 0.6
the membrane at x=0, y=0 W, as [6]: w(x) 0.5
Woo
Pa2b2 0.4
= 6
W =K 5 (6) 03
With k = 0.0224 and the coefficients k;; are summarized in 02
tablel. 0.1
Table 1 : Value of the standardized coefficients k;; for n=3 and r=1 0™ 08 o6 02 -O‘.2 0 02 04 06 08 1
k koo | koo= koo ko ko= kuy | kao = Koa Ky X position [um] x10°
m?)‘;l 0.0224 | 1 | 0.0284 | 0.0123 | 0.0030 | 0.0038 | 0.0016 | Figure 3b : Normalized deflection (W) s x position for
Woo
. C 1 i h0) T different value of y
We obtain W, about 4.7529 um which is 2% higher
than polynomial results [13-14]. We also found the
membrane deflection for different value of the ratio (r=a/b). ! \ x=6 25
o9 %, — . — x=0.50
2. RESULTS AND DISCUSSION 0.8 S/ \\'\‘ — — x=0.75
] B ..' '\ ......... x=1 B
2.1 Membrane modelling o7 // \
0.6 s -, .
From the expression (5) we plot the normalized W) o5 \
7 0.5 o L \‘ 7
deflection [ W5 Y) 1, [ W) ] and [ WO) ] curves in figure 3. Voo 4l / S N |
Waoo Woo Woo . K / ‘ N *,
03" . . \\ 1
0.2 / / N\ ]
01 /

Figure 3a : Normalized Deflection [M]
Woo

The figure 4 shows the variation of the membrane
deflection versus the dimension ratio r, and we can note that
it’s proportional to the value of the ratio r.

Thus the rectangular membrane is more robust that the
square one.

-04 -0.2 0 0.2
y position [um]

-0.8 -0.6 0.4

Figure 3¢ : Normalized deflection [ W(Y) ] vs x position for
Woo
different value of x

1, Variation of the median deflection w  vs dimension ratio r(=a/ b)
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Figure 4 : Variation of the median deflection vs dimension ratio r
[a/b]
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Figure S a : Trigonometrical Model : Normal stress o(X, y)

Figure 5 b : Trigonometrical Model : Normal stress (X, y)

474

Figure S ¢ : Trigonometrical Model : Shear stress G,y(X, ¥)

Substituting expression (5) of the membrane deflection
w(X, y) in the equations defining the constraints according
to the deformation [9, 10], we obtain the different
expressions of the components of the mechanical stress Gy,
; Oy ; Oy in the upper of the membrane is given by
equations:

2 2
— EZZ 0 W(>2<, .0 W(>§, y) (7)
1-v OX oy
Ez | o°W(X,y) 0°W(X,Y)
Ow="7T_3|V >t 2 ®
1-v oX oy
2
o, =26 T WXY) ©9)
Oxoy
By carry out all calculations and for z=-h/2 we have:
1 Eh Pka’b’

><:uijl(xﬂ y) (10)

0,=0, =+——X

X
32 (1-v) D

1 Eh _ Pka’h’
0, =0, =+--X

X
Y32 (1-v) D

X (X, Y) (11)

1 Gh

22
o =Ly y Pka’b (12)
Yole (1-vY) D

X (X, Y)

with:

n n

Hijy = Zn:Zkij RP’(1+cosQ;y)(cos Px) +vzzn: k;Q’(1+cos Rx)(cosQ,y)

0 0

13)
My = VZH:ZH: k; P*(1+ cosQ;y)(cosPx) +anzn: kiJQi2 (1+cos Bx)(cosQ;Y)
00 00
(14)

=Y 3 kPO, GinPx)sinQy) (19

From equations (6 + 8) we plot the curves constraints
Oxx(X, ¥) 5 Opy(X, Y) 5 Oxy(X, ¥) 5 Oxx(X) and oy,(y) for n=16,
which are illustrated in figures 5 and 6. The obtained results
are comparable in the form but more accurate to those
found in literature [9] which validates our calculations.

We note that the mechanical stresses are maximal in
middle edges membrane.

The mechanical stress expressions at these positions are
1-For:x=0;y==%b

1 Eh Pka’?* && 16
O'I:UXX(X:0,y:ib):vg><(l_vz)>< 5 x;;kiijz (16)

2 2
0, = 0, (x =0,y = £h) = 1 *0.4646 * P(%) = 0.0298* P*(%j (16-1)

1 Eh Pka’h® && 17
O"=O'yy(X=0,y=ib)=EX(l_vz)xTxg0kiijz (17)

2
o =0W(X=07y:ib):o.4646*P*(%) (17-1)

0y (x=0,y =2b)=0 (18)

10
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2-For:x=+a;y=0 x 10" 6, =f(y) # x

1 Eh  Pka’h® & 19
o,(X=%a,y=0=— 2 2 k. P? (19)
xx( y ) 16X(1—V2)X D X ~ Lo ijli

0.5
) oyy [Pa]
crxx(x=0,y=ib)=0.4646*P*[Ej (19-1) i
1 Eh  Pka’h® &J 20 -0.5|.
O-yy(X:ia’y:O):VEX(l—vz)x 5 XZOZZO:kijPJ? (20)
2 2 -1
o,(x=1a,y=0)=v*0.4646*P *[%) =0.0298*P *[%j (20-1)
-1.5|
o, (x=12a,y=0)=0 (21)
-2
Where P, and Q;:
2i+1 2.5 1 1 1 1 1 1 1 1 1
P= [( = )”j (22) -1 -08 -06 -04 -02 0 02 04 06 08 1
a »
Y position [um] x 107
o -(@ithr (23)
e b Figure 6 b : Perpendicular stress o,,(y) =f(y) for different value of x

These mechanical stress expressions have a high
amplitude (0.4646 ; 0.0298) if they are compared to
A.Boukaabache [15] (0.316 ; 0.0202) and C. Plantier [16]
(0.3654 ; 0.0664)

The basic features of the layout of pressure sensor are
shown in figure 2, and the simplest sensor circuit can be
built using piezoresistors is the Wheatstone bridge.

The figure 7 presents the stress distribution along the

2.1 Gages Localization and gages Sensitivity resistor for two value of (n=3 ; n=16), and it shows the
accuracy of the trigonometrical model [13-14]. The change
From the mechanical stress distributions along x and y  of piezoresistance is given by:

respectively, we can note that its maximum are in the
mediums of the membrane edges, as shown in figures 5-6, ARR=m 61+ 7 O + T O (24)

and due to the symmetry they change sign while passing With m ;7 ; n. are longitudinal, transverse and
from the edge in the membrane center along y axis. For this  shearing piezoresistives coefficients respectively and
reason, two of the four piezoresistive gages 1, 3 are placed o; 6; 6 are longitudinal, transverse and shearing
on the line of centers with (x = 0 ; y = +/-b) and two other  constraints respectively.

gauges 2, 4 are placed in the medium of the edges such as Work of Y.XKanda [20-21] showed that these
their centers are at the points (x =-a,y=0)and (x =a,y = '
0). In order to get high sensitivity, we choose the
conventional orientations of gages two are placed parallel
and the two others perpendicular to the membrane edges,
and their length should be as small as possible [17-19].

coefficients (m , m;, m.) depend on the temperature and
doping, and can be expressed according to the fundamental

piezoresistives coefficients (m;, 7, m44) establish by
Smith [22] at 300°K (table 2).

< 1012 O—f(X) #y Table 2 : Value of the fundamentals piezoresistive coefficients of
0.5 silicon
R A n(E-11 [Pa]) | mpp(E-11 [Pa]) | mg(E-11 [Pa))
3 ; Sc-P 6.6 -1.1 138.1
Sc-N -102.6 53.4 -13.6

The values of the piezoresistives coefficients of (m
, Ty, T) are gathered in the table 3, what enables us to write
for a Sc-type P (and assumed that w4 is the dominant
coefficient) :
= (Tt Mo + Ts)/2 = T44/2 (25)

T=(T 1+ g — Taa)/2=-T144/2 (26)

n.=0 27
2p Y 8 By substituting the equation (25-27) in equation (24), in
25 ‘ ‘ , A ‘ ‘ ‘ the case where the mechanical stress is constant over
1 0% 06 .04 07 0 072 04 06 08 ] resistor, we can deduce the expressions simplified of the
X position [pm] x 10 longitudinal ~ (AR/R), and perpendicular (AR/R)L

. s : piezoresistors [19]:
Figure 6a : Longitudinal stress ox,(x) = f(x) for different value of y

11
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Longitudinal stress variation vs jauge position Distribution of the stress along resistor R2

membrane edge = 8001 - "
]
= m
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Figure 7a : Longitudinal stress 6,(X, y) vs gage position along  Figure 7d : Distribution of the stress along resistor R, (=Rr)
resistor R1

Distribution of stress along the resistor R1
Perpendicular stress variation vs jauge position

407 650

membrane edge
600

[MPa]
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39 / \ 550
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/ \
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Figure 7b : Perpendicular stress 6,(x, y) vs gage position R1 Figure 7e : Distribution of the stress along resistor Ry(R))

) Distribution of the stress along resistor R1 (AR/R), =m0, + mo, = (0, —0,) /2 (28)
— 600
£ _/.//'/HH“\'\ (ARR), =m0, + 1,0y =—7,, (0, —0)/2  (29)
%007 The gages sensitivity to the applied pressure is
400 expressed by [19]:
—&— Longitudinal stress 1 1
300 4 —e— Perpendicular Stress S// = (AR/R)// X—=—X H44 (O-l -0, ) (30)
g P 2P
5 200 A 1 1
5. =(ARR), x == xT(0) - o) @1
100 7] . . . .
. o o . Due to the p1e;0res1st1ve effect the pressure P applied to
0 —— —————————7—— a sensor changes its output voltage AV according to [19]:
-0,6 -0,4 -0,2 0,0 0,2 0,4
gage position [um] AV = V_*(AR/R) 32)
Figure 7¢ : Distribution of the stress along resistor R; (=R)) Where V, is the bridge supply tension.
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We can thus define the sensor sensitivity to the applied
supply V, noted S [19]:

AV 1 AR 1 1
S =—x—=—x—=—xII -
P P Vva P R 2P uloi=a)
This coefficient of proportionality or sensitivity S,
relies on mechanical, electrical and geometrical parameters.
Obviously, it is desirable to select a diaphragm
configuration that will enhance the difference (o, — o). The

figure 8 presents the variation AV

\Y

a

(33)

according to the applied

pressure P. It shows that the sensor response is linear and
procures sensitivity S, about 280 [mV/V/bar] and a gage
factor K (=AR/R) about 105.

Variation of output voltageAV vs apllied pressure P

3,0 A

2,5 -

2,0 A

1,54

AV [V]

1,0 A

0,5 -

0,0 4 l..

T T T T T T
0 2 4 6 8 10

Pressure P [bar]

Figure 8 : Output voltage AV according to the applied pressure P

Table 3 : Expression of the piezoresistive coefficients w, 7, 7.
versus P type silicon in function of crystallographic orientation.

This trigonometrical model allows to obtain more
accurate results and with a reduced computing time. Using
elastic theory we carry out the expression of mechanical
stress as a function of applied pressure. The determination
of the optimum position of piezoresistance allows us to
have a good sensitivity. The obtained results show that the
change of resistance due to pressure was linear over a
pressure range of [0 to 10 bar]. The gage factor K is about
105 and the sensor sensitivity is about 280 [mV/V/bar].
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