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Abstract  

Reduce energy consumption of airplanes, or enhance the aerodynamic performance of 
compressors and turbines by reducing drag, or increasing lift is a major challenge for many 
institutions specializing in aerodynamics [1, 2]. One way to achievethis, isconsidered the 
study of compressible potential flow compared to incompressible potential flow [3], Outside 
the boundary layer, to study the effects of compressibility and the control parameters. And 
the pressure coefficient and lift distributions around the NACA 0012 profile, NACA 0015 
and NACA 0018 were studied and presented in terms of the Mach number, angle of attack 
and the relative thickness of the profiles. 
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I. INTRODUCTION 
The study of potential stationary compressible flow 

serves as data for modeling steady viscous flow, linearization 
of the mathematical model of the compressible flow potential 
through the transformation Prandtl-Glauert allowed to use 
incompressible flow potential, therefore, the mathematical 
model is only linearized by Laplace equation [4] with the 
tangency and Kutta-Joukowski conditions. The method 
adopted for the resolution of the flow is that of the panels that 
is widely used in thisfield. The results obtained allowed the 
positive effect of compressibility on the distributions of 
pressure and lift coefficients, which are been studied and 
shown with consideration of the effects of the Mach number, 
angle of attack and relative thickness profiles of NACA 0012, 
NACA 0015 et NACA 0018 

II. MATHEMATICAL MODELING  
II.1 - Compressible potential flow equation 
The equationthat manages the compressible flow potential is 

( )2 2 2 2 21 0M x yφ φ∞− ∂ ∂ + ∂ ∂ =  (1)   

With the following change 
2 21 Mβ ∞= −                                                              (2)  

The equation (6) takes the form 

2 2 2 2 2 0x yβ φ φ∂ ∂ + ∂ ∂ =                                         (3)        

In order to facilitate the resolution of equation (3), it is 
proposed to use the transformation Prandtl-Glauert which 
allows to linearizethis equation, linearization allows the 
equation to take the form of the Laplace equation. 

2 0φ∇ =                                                                           (4) 

II.2. Boundary conditions 
II..2.1. Condition of tangency 
This condition of tangency or condition of non penetration of 
fluid through each panel resulted in the invalidity of the 
normal velocity at each panel [4, 5 and 6] and is expressed 
by the system of equations 

( ) 0, : 1,n

i
v avec i n= =                              (5) 

II.2.2.Kutta-Joukowskicondition 
The Kutta condition-Joukowski is to use the 

tangentialvelocities at the panels forming the trailing edge 
and which is translated by the equation. 

𝑣𝑣1
𝑡𝑡 = 𝑣𝑣𝑛𝑛

𝑡𝑡 
II.2.3 Prandtl-Glauert transformation 

The resolution of compressible potential flow problem is 
difficult, which is why we propose to spend compressible 
case difficult to relatively easy incompressible case through 
the transformation of Prandtl-Glauert, this transformation did 
involve changes coordinates of problem variables x, y and 
the potential ∅ using equations 

incomp compx xβ=
 incomp compy yβ=

 
2

incomp compφ β φ=  

These changes allow to linearize  equation (3) in the form 
of the Laplace equation (8) which is relatively easy to solve. 
Once the rates obtained by the flow calculation in the 
incompressible landmark, we move at speeds in the 
compressible landmark by the following equations 

2/incomp compu u β=                                     

2/incomp compv v β=                                     
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Equations (4) and (5) for determining the pressure and lift 
distribution on the center of each panel. Thus, the flow is 
perfectly modeled in fact the mathematical model, which is 
that the Laplace equation or equation Laplace linearized [4, 
5 and 6] withtheirboundary conditions. 

III. RESOLUTION MATHEMATIQUE 
The mathematical resolution is to discretize the 

mathematical model and the physical domain at a time by one 
of the discretization methods, the method mostused in this 
area and that of the panels. This discretization allows the 
passage of the differential equation (3) the system of 
algebraic equations (12), which is solved by a direct 
numerical methods. 

III.1. Discretization of the computational domain 
The bearing surface is divided in to small segments called 

straight panels, plus the number of panels is important the 
closeryouget the actual profile. The figure below shows an 
airfoil discrete [7]. 

 

 

 

 

 

 

 

 

Fig. 1 Discretization of the bearing surface of n panels 

 
 On the panels are distributed sources of varying density 

from one panel to another and vorticity of constant 
densityalong the entire contour. Each panel is  characterized 
by its orientation to the horizontal and has a length 

 
 

Figure 2 Local coordinate system of nomenclature 
 

The unit vectors of the local system, the angle which the 
panel and length’s, defined by the following equations 

sin cosj j jn i jθ θ= − +
  

                                               (6) 

cos sinj j jt i jθ θ= +
  

                                                   (7) 

( )1 1arcsinj j j j jy y x xθ + += − −                               (8) 

( ) ( )2 2

1 1j j j j jl x x y y+ += − + −
                             

 (9) 

III.2. Discretization of equations 
III.2.1. Condition of non-permeability fluid 
Under the condition of non-penetration of the fluid through 

the solid airfoil, the normal speed to the panels according to 
the equationis discretized 

( )
1 1

sin 0
n n

n n
ij j ij j

j j
A q B Uγ α θ∞

= =

   + + − =   ∑ ∑   (10) 

This system of equations containing n + 1 unknowns, 
another equation is needed, is the reason why use is made of 
another additional condition which is that Kutta-Joukowski 

III.2. Kutta-Joukowski condition 

The Kutta condition Joukowski- led the following discrete 
equation 

( ) ( )( )

1 1
1 1

1cos cos

n n
t t t t
j nj j j nj

j j

n

A A q A A

U

γ

α θ α θ
= =

∞

   + + + =   

− + −

∑ ∑
       (11) 

Equations (10) and (11) form a linear system of equations  
n + 1 and n + 1 unknowns expressed by 

( )ij jA q Rhs j=                                      (12) 

The system of equations (12) is linear and its resolution is 
obtained by a so-called direct digital methods with the 
definition of influence coefficients 

11 sin( ) ln cos( )
2

ijn
ij i j i j ij

ij

r
A i j

r
θ θ θ θ β

π
+ 

= − + − ≠ 
    

11 cos( ) ln sin( )
2

ijt
ij i j i j ij

ij

r
A i j

r
θ θ θ θ β

π
+ 

= − − + − ≠ 
    

1
2

n
ijA i j = =  

[ ]0t
ijA i j= =

 

11 cos( ) ln sin( )
2

ijn
ij i j i j ij

ij

r
B i j

r
θ θ θ θ β

π
+ 

= − − − ≠ 
    

11 sin( ) ln cos( )
2

ijt
ij i j i j ij

ij

r
B i j

r
θ θ θ θ β

π
+ 

= − + − ≠ 
  

1
2

n
ijB i j = =  

[ ]0t
ijB i j= =  

 
III.3. Digital Implementation of the panels method 

1. The implementation of the method of the panels [8] 
allows calculation of the flow around the profiles of 
which the structure of the proposed program is 

2. Declaration of data such as the speed at infinity, the 
angle of attack, Mach number and the number of panels 

3. Once the geometry of the profile is chosen, a calculation 
of coordinates of each panel, calculating coordinates of 
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the center of each panel to which the parameters of the 
problem to be calculated, the corners of the panels with 
the horizontal and the length of each panel 

4. Calculate the coefficients of the influence matrix and the 
vector constants of the equation system (12) 

5. Resolution of the system of equations (12) 
6. Calculation of the speed and pressure at the center of 

each panel and pressure and lift coefficients. 
7. These coefficients contain rij and βij expressions that are 

defined by 

2 2( ) ( )ij i j i jr xm x ym yx= − + −  

1

1

i j i j
ij

i j i j

ym y ym y
arctg arctg

xm x xm x
β +

+

   − −
= −      − −   

 

The right side of the equationis constant 

( )( ) sin jRHS j V α θ∞= − −  

( ) ( )( )1( 1) cos cos nRHS n V α θ α θ∞+ = − + −  

3.2. Algorithm  for calculating the compressible  

• Discretize profile by dividing the contour into small 
segments (panels) 

• Flatten the contour by applying processing Prandtl-
Glauert contour  

• Distribute singularities according to the profile 
bearing or non-bearing 

• Discretize the equation of speed potential by 
applying the conditions of tangency and the Kutta-
Joukowski 

• Resolution of algebraicequations System. 
• Obtaining axial and transverse velocities 
• Calculation of axial and transverse velocities, 

application of the Prandtl-Glauert transformation. 
• Calculation of the coefficient of pressure via the 

Bernoulli equation 
• Lift coefficient calculation by using the pressure 

difference of the intrados and the extrados. 

IV.  DISCUSSION OF RESULTATS 
IV.1. Distribution of the pressure coefficient 

Compressibility effects are the essential part of this work, 
and their influences on the distributions of the pressure 
coefficient and lift coefficient. The effects of the Mach 
number, angle of attack and the relative thickness of the 
profile are also examined.The direct calculation is difficult; 
this is the reason why we use the transformation of the 
Prandtl-Glauert that allows the passage of the incompressible 
flow to compressible flow. These calculation steps are 
organized according to the above detailed calculation 
algorithm below. 

IV.1.1 onset of compressibility effects 
The distribution of the pressure coefficient does not depend 
on the Mach number in incompressible flow, but in 

compressible flow, it is insensitive to the Mach number equal 
to or less than 0.4. When the Mach number is greater, the 
distribution of the pressure coefficient begins to appear some 
difference than that of the incompressible flow. The 
difference is even greater than the Mach number; this is only 
in the field of compressible subsonic flow [9]. 
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Fig. 3 Distribution of the pressure coefficient, NACA 0012, Mach = 0.4, α 

= 0° 

IV.1.2. Effect of the Mach number on the pressure 
coefficient 
The compressibility is manifested through depending on 

the number of pressure coefficient Mach, in effect, especially 
as the Mach number is large in the area of subsonic 
compressible, the pressure coefficient takes the minimum 
value point of the coefficient pressure further. 
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Fig. 4 Compressibility effects on the distribution of the pressure 

coefficient, 𝛼𝛼 = 0° 

IV.1.3. Effect of angle of incidence on the 
distribution of the pressure coefficient 

     For zero attack angle, the distribution of the pressure 
coefficient is the same on the lower surface on the upper 
surface for reasons of symmetry, but more the angle of attack, 
the greater the profile is asymmetrical manifest, therefore, the 
fluid particles are accelerated on the upper surface and the 
pressure decreases, but, on the pressure side, the fluid 
particles are decelerated gradually as the pressure increases, 
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therefore, this asymmetry is differentiating distribution 
pressure on both sides by creating a surface delimited by 
these distributions of pressure coefficients, which continues 
to increase as a function of the angle of attack. This area is 
bounded, in reality, a thrust upward force created following 
separate pressure difference across. This asymmetry also 
passed favorable flow velocity gradient and the negative 
gradient point of minimum pressure coefficient to advance 
the leading edge by promoting the separation of the boundary 
layer can be neglected beyond 10 ° [5] and the results will 
not be representative. 
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Fig. 5 Effect of angle of incidence on the distribution of the pressure 
coefficient, NACA 0012 

IV.1.4. Effect of the relative thickness of the 
distribution of the pressure coefficient 
A comparison of the distribution of the pressure 

coefficient around the NACA 0012 and NACA 0018 profiles 
for incompressible and compressible flows for zero attack 
angle and the Mach number given is made. This comparison 
shows that the relative thickness of the NACA 0018 profile 
offers more acceleration surface fluid particles the NACA 
0012, so the pressure drops to a lower value depending on the 
importance of the thickness on increasing the lift coefficient 
and advancing the separation point 

0,0 0,2 0,4 0,6 0,8 1,0
-1,0

-0,5

0,0

0,5

1,0

1,5

2,0

C
p 

(x
/c

)

x/c

  NACA 0012 / Compressible  
  NACA 0018 / Compressible  
  NACA 0012 / Incompressible  
  NACA 0018 / Incompressible  

 
Fig. 6 Effect of the relative thickness of the profiles around NACA 

00XX, Mach = 0.6, α = 0° 

IV.2. Distribution of the lift coefficient of a 
compressible flow 

IV.2.1. Compressibility effect on the distribution 
coefficient of lift 
As we saw in the paragraph above, the angle of attack was to 
create a kind of thrust upward force due to pressure 
difference on upper and lower surfaces [10], the coefficient 
of lift is only the result of this pressure difference. The 
distribution of the coefficient of lift as a function of angle 
around a NACA 0018 profile in incompressible flow 
potential is linear. Mach number influences the distribution 
of the lift coefficient via the coefficient of pressure, therefore, 
the higher the Mach number, the greater the lift coefficient is 
large. 
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Fig. 7 Distribution of the lift coefficient, Mach = 0.6 
 

IV.2.2 The thickness effect on the distribution of 
lift coefficient 
The relative thickness of the profiles NACA 0012, 0015 and 
0018 has no positive effect on the distribution of the 
coefficient of lift as a function of angle of attack, in fact, in 
the portion of the low angles of attack curve the agreement is 
total, but for angles strong values, the disagreement begins to 
manifest in favor of larger radius  
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Fig.8 Effect of the relative thickness of the distribution of the lift 
coefficient around NACA 00XX 

IV.2.3. Effect of the Mach number on the lift 
distribution coefficient 

The Mach number has no positive effect on the lift 
coefficient distribution for the angle 0 °, the goal the greater 
angle of attack is wide, the effect becomes more and more 
significant for Mach number is greater. Therefore, 
compressibility has a positive effect on the distribution of the 
lift coefficient. 
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Fig.9 Effect of the Mach number on the distribution of the lift coefficient 
NACA 0012 

CONCLUSION 
A study of the potential compressible flow, is made 

digitally, based on the Laplace equation linearized 
mathematical whose resolution is based on the method the 
panels. The distributions of pressure coefficients and lift 
around the NACA 00XX type profiles were studied and 
presented. Mach number, angle of attack and the relative 
thickness of the profiles, were examined. Comparison 
between the processing flow of the incompressible and 
compressible flows, show the effect of the Mach number, the 

main parameter of compressibility effects on the 
aerodynamic characteristics. 
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