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LAMB SHIFT IN HYDROGEN-LIKE ATOM INDUCED FROM NON-
COMMUTATIVE QUANTUM SPACE-TIME 

Submited on 02/05/2012 – Accepted on 24/06/2014 
 
Abstract 

In this work we present an important contribution to the non-commutative approach to the 
hydrogen atom to deal with lamb shift corrections. This can be done by studying the Klein-
Gordon equation in a non-commutative space-time as applied to the Hydrogen atom to extract 
the energy levels, by considering the second-order corrections in the non commutativity 
parameter and by comparing with the result of the current experimental results on the Lamb 
shift of the 2P level to extract a bound on the parameter of non-commutativity. 
Phenomenologically we show that the non-commutativity effects induce lamb shift 
corrections.  

Keywords: Klein-Gordon equation, non-commutative space, quantum Hydrogen atom. 

 

I. INTRODUCTION 
In recent years many arguments have been suggested to 

motivate a deviation from the flat-space concept at very short 
distances [1, 2] so that we have a new concept of quantum 
spaces. Quantum spaces depend on parameters such that for 
a particular value of these parameters they become the usual 
flat space. We consider the simplest version of quantum 
spaces as the natural extension of the usual quantum 
mechanical commutation relations between position and 
momentum, by imposing further commutation relations 
between position coordinates themselves. The non-
commutative space can be obtained by the coordinate 
operators where we replace the ordinary product by star 
product: [ ] µννµ θixx =,  

Our motivation is to study the effect of non-commutativity 
at the level of quantum mechanics when time-space non-
commutativity is accounted for. One can study the physical 
consequences of this theory by making detailed analytical 
estimates for measurable physical quantities and compare the 
results with experimental data to find an upper bound on the 
θ  parameter. In this work we present an important 
contribution to the non-commutative approach to the 
hydrogen atom. Our goal is to solve the Klein-Gordon 
equation for the Coulomb potential in a non-commutative 
space-time up to second-order in the non-commutativity 
parameter using the Seiberg-Witten maps and the Moyal 
product. We thus find the non-commutative modification of 
the energy levels of the hydrogen atom and we show that the 
non-commutativity is the source of lamb shift corrections. 
The purpose of this paper is to study the extension of the  
Klein-Gordon field in canonical non- commutative time-
space by applying the result obtained to a hydrogen atom. 
This paper is organized as follows. In section 2, we propose 
an invariant action of the non-commutative boson field in the 
presence of an electromagnetic field. In section 3, using the 
generalised Euler-Lagrange field equations, we derive the 

deformed Klein-Gordon (KG) equation for the hydrogen 
atom. We solve these deformed equation  and obtain the 
noncommutative modification of the energy levels. 
Furthermore, we derive the nonrelativistic limit of the non-
commutative KG equation for a hydrogen atom and solve it 
using perturbation theory. Finally, in section 4, we draw our 
conclusions. 

II. ACTION 
We consider an action for a free boson field in the presence 

of electrodynamic gauge field in a non-commutative space-
time. We propose the following action [28]. 







 ∗−= ∫ µν

µν FFLxdS MB 4
14                               (1) 

Where MBL is the boson matter densitie in the non-
commutative space-time and is given by: 

 

 ϕϕϕϕη νµ
µν ˆˆ)ˆˆ()ˆˆ( 2 ∗+∗= ++ mDDLMB                  (2) 

where the gauge covariant derivative is defined as: 

.ˆD̂ µµµ Aie+∂=  

From the action variational principle the generalised 
equations of Lagrange up to second order of  θ are [29]: 

( ) ( ) ( ) 0
ˆˆˆ

2 =Ο+
∂∂∂
∂

∂∂+
∂∂
∂

∂−
∂
∂ θ

ϕϕϕ νµ
νµ

µ
µ

LLL
 

                                                                                        (3) 
Where: 

µν
µν FFLL MB ∗−=

4
1

                                             (4) 
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III. NON-COMMUTATIVE TIME-SPACE KG 
EQUATION  

Using the modified field equation (3) , with the generic 
boson field ϕ̂  one can find in a free non-commutative space-
time and in the presence of the external potential 

µÂ  the 

following modified Klein-Gordon equation: 
 

( ) (
) 0ˆˆ2

ˆˆˆˆ 22

=∂+

∗−∂+−∂∂

ϕη

ηηϕη

νµ
µν

νµ
µν

νµ
µν

νµ
µν

Aie

AAeAieme
 

                                                                                    (5) 

Where the deformed external potential 






−
0
/ˆ re

Aµ  in 

free non-commutative space-time is [30]: 
 

)(
4

ˆ

).(ˆ

2
4

3

20
4

3

0

θθ

θθ

Ο+=

Ο+−−=

k
ik

i

k
k

x
r
ea

x
r
e

r
ea

                             (6) 

for a non-commutative time-space, 00 ≠kθ and 0=ikθ , 
where i; k = 1; 2; 3. In this case, we can check that 

∆+−∂=∂∂ 2
0νµ

µνη                                                 (7) 

And 

0
0

4

4

0

2

22ˆ2 ∂+∂=∂ j
j x

r
ei

r
eiAie θη νµ

µν  

                                                                                        (8) 

j
j x

r
e

r
eAAe 0

5

5

2

4
2 2ˆˆ θη νµ

µν +=∗−  

then the Klein-Gordon equation (20) up to )( 2θΟ takes 
the form: 
 

 

( )

0ˆ22

2ˆ

0
5

5

0
0

4

4

0

2

2

4
22

0

=



+∂+
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ϕθθ

ϕ
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j
j

j
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e

x
r
ex

r
ei

r
ei

r
em

                  (9) 

The solution to eq. (9) in spherical polar coordinates 
( )φϑ,,r  takes the separable form: 
 

( ) ( ) ( ) ( )iEtY
r

tr −= exp,ˆrR̂  1  ,,,ˆ φϑφϑϕ                (10) 

Then eq. (9) reduces to the radial equation: 

(

0ˆ22

ˆ2)1(

0
5

5
0

4

4

22
2

2

4

2

2

=



++

−+







+

−+
−

Rx
r
ex

r
eE

mER
r

Ee
r

ell
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d

j
j

j
j

e

θθ

      (11) 

In eq.(11) the coulomb potential in non-commutative 

space-time appears within the perturbation terms [31]: 

j
j

j
j

pert x
r
ex

r
eEH 0

5

5
0

4

4

22 θθθ += ,                        (12) 

where the first term is the electric dipole–dipole interaction 
created by the non-commutativity, the second term is the 
electric dipole–quadruple interaction. These interactions 
show us that the effect of space-time non-commutativity on 

the interaction of the electron and the proton is equivalent 
to an extension of two nuclei interactions at a considerable 
distance. This idea effectively confirms the presence of 
gravity at this level. To investigate the modification of the 
energy levels by eq. (12), we use the first-order perturbation 
theory. The spectrum of OH  and the corresponding wave 
functions are well-known and given by: 
 

( )
( )..

22
!

1
)(

122/

1
2/1

xLe

x
n

n
n

arR

n
x

nl

+−

+








++Γ++

=

ν

ν

νν       (13) 

where the relativistic energy levels are given by: 
 

( )

( ) ( ) ( ) 22
2/12/1

2
2/1

2
2/1

22
2/12/1

0

2 α

α

−++






 −+

=

++++

++

lnln

lnm
E

e

nl

                                      (14) 

and 12 +ν
nL are the associated Laguerre polynomials [32], 

with the following notations: 

( ) ,
2
1 22

2/1 αν −+−= +l
2e=α ,

022
nle Ema −=  

   2/12/1 +=+ nn ,  2/12/1 +=+ ll                           (15)  

III. 1 NON-COMMUTATIVE CORRECTIONS OF THE 
RELATIVISTIC ENERGY 

Now to obtain the modification to the energy levels as a 
result of the terms (12) due to the non-commutativity of 
space-time we use perturbation theory. For simplicity, first of 
all, we choose the coordinate system ( )φϑ,,, rt  so that  

0100 θδθθ =−= ii ; such that rxi
i θθ =0  and assume 

that the other components are all zero and also the fact that 
in first-order perturbation theory the expectation value of 

3−r  and 4−r  are as follows: 

( )( )
( )3

1
1

112
2 3

1

0

23

f

n
n

a

drrRmnlrnlm

mm

mmnl

=







+
+

+++
=

=′

′

′
−

∞
− ∫

δ
νννν

δ

                  (16) 
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( ) ( )( )
( )

( )( ) ( ),4
321

13
1

31
11212

4 4

2

0

24

fnn

n
n

a

drrRmnlrnlm

mm

mmnl

=




++
−

+





+
+

+++−
=

=′

′

′
−

∞
− ∫

δ
νν

ννννν

δ

              (17) 

Now, the correction to the energy to first order in Theta is: 
 

nlmpertHE θθ =)1(                                                           (18) 

wher θ
pertH is the non-commutative corrections 

perturbation Hamiltonian, which is given in the following 
relation: 
 

θθθ
4

5

3

4

22
r
e

r
eEH pert +=                                     (19) 

To calculate )1(θE , we use the results in equations (16) 
and (17), to obtain: 
 

[ ])4()3(2 02)1( ffEE nl αθαθ +=                          (20) 

Finally the energy correction of the hydrogen atom in the 
framework of the non-commutative KG equation is: 
 









+==∆ )4()3(

2 0
2

0

)1(

f
E

f
E

EE
nlnl

NC αθα
θ

              (21) 

This result is important because it reflects the existence of 
Lamb shift, which is induced by the non-commutativity of 
the space. Obviously, when 0=θ ; then 0=∆ NCE , which 
is exactly the result of the space-space commuting case, 
where 

the energy-levels are not shifted. We showed that the 
energy-level shift for 1S is: 









+=∆ )4()3( 10

10
1

2
1 SS
NC
S f

E
fE αθα                               (22) 

In out analysis, we simply identify spin up if the non-
commutativity parameter takes the eigenvalue θ+  and spin 
down if non-commutativity parameter takes the eigenvalue
θ− . Also we can say that the Lamb shift is actually induced 

by the space-time non-commutativity which plays the role of 
a magnetic field and spin in the same moment (Zemann 
effect). This represents Lamb shift corrections for 0=l . 
This result is very important: as a possible means of 
introducing electron spin we replace ( )2/1+±→ jl  and 

2/11−−−→ jnn  where j is the quantum number 
associated to the total angular momentum.  

Then the 0=l state has the same total quantum number 
2/1=j . In this case the non-commutative value of the 

energy levels indicates the splitting of S1  states. 
 

III.2 NON-RELATIVISTIC LIMIT 
 
The non-relativistic limit of the non-commutative K-G 
equation (11) is written as [33, 34]: 
 

0ˆ22

2
2)1(

4

5

3

4

2

2

4

2

2

=



++





++

−+
−

R
r
e

r
em

m
r

em
r

ell
dr
d

e

e
e

θθ

ε
                      (23) 

In this non-relativistic limit the charged boson does not 
represent a single charged particle, but is a distribution of 
positive and negative charges which are different and 
extended in space linearly in θ . The absence of a 

perturbation term of form 2/ rθ  in the non-commutative 
coulomb interaction demonstrates that the distribution of 
positive and negative charges is spherically symmetric. 
This can be interpreted as the spherically symmetric 
distribution of charges of the quarks inside in the proton. 
Now to obtain the modification of energy levels as a result of 
the non-commutative terms in eq. (23), we use the first-order 
perturbation theory. The spectrum of ( )00 =θH  and the 
corresponding wave functions are well-known and given by: 

22

2

2 n
me

n


α
ε =                                                                       (24) 

And 

( )
( ) ( ).

!
!11)( 12

1
2/1

2/1

xLex
lna

ln
n

rR l
ln

xl
nl

+
−−

−+








+
−−

=       (25) 

where 
an

rx 2
=  and ( )αema /2=  is the Bohr radius of 

the Hydrogen atom. The coulomb potential in non -
commutative space-time appears within the perturbation 
terms: 







 += 43

22
rr

m
H e

pert
αθαθ                                         (26) 

where the expectation value of 3−r  and 4−r  are as follows: 
 

( )( )
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121
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330
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g
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                                                                                     (28) 
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Hence the modification to the energy levels is given by: 
 

( )22 )4()3( θαθα Ο+







+=∆ nl

e
nl

NC g
m

gE         (29) 

We can also compute the correction to the Lamb shift of the 
2P level where we have: 
 ( ) ( )3243156.02 MeVPE NC θ=∆                          (30) 

According to ref. [35] the current theoretical result for the 
lamb shift is 0:08 kHz. From the splitting (30), this then gives 
the following bound on θ: 
 

( ) 25.8 −≤ TeVθ                                                          (31) 

This corresponds to a lower bound for the energy scale of 
TeV5.8 , which is in the range that has been obtained in refs 

[36, 37, 38, 39], namely TeV101− . 

IV. CONCLUSION 

Using the Seiberg-Witten maps and the Moyal product up to 
second order in the non-commutativity parameterθ, we have 
derived the deformed KG equation for a hydrogen atom in 
non-commutative space-time. By solving the deformed KG 
equation we found the energy shift up to the second order of 
θ, which proofs that the non-commutativity has an effect 
similar to that of the Lamb Shift. After that we have obtained 
the non-relativistic limit of the non-commutative KG 
equation for a Coulomb potential. We then compared the 
corrections induced to energy levels by this non-
commutative effect to experimental results from high 
precision hydrogen spectroscopy, and obtained the bound for 
the parameter of non-commutativity around ( ) 25.8 −TeV . 
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Abstract 

NDT Magnetic measurements as impedance in Eddy currents, corecitif and residual field 
in hysteresis loop are used to study the different stages of mechanical alloying in the Fe–Co 
system. In this paper, we changed the electromagnetic properties of Fe-Co, by developing 
their metallurgical parameters such as grain size. For this we are used a planetary ball mill, 
we are milled the FeCo alloy for different milling times until to obtain nanostructure, the 
lamellar structure with some small particles embedded in them was observed during the first 
stage of mechanical alloying. XRD patterns show after 10 h of milling the formation of a 
disordered solid solution having a body-centered cubic (bcc) structure. After 40h of milling, 
morphological studies indicated that the average crystallites size is around 15 nm. 

Mots clés: nanostructured materials, powder metallurgy, NDT, Eddy current, Magnetic 
measurement.  

 

I. INTRODUCTION 
In Recent years, we have witnessed a considerable 

development in nanomaterials science and technology. 
Nanomaterials were elaborated thanks to varied ways, and 
high-energy mechanical alloying is one technique that has 
many potentialities of application, the ability to control the 
nonstructural components is an important factor and gives 
important information’s about in engineering developments. 
The characterization of microstructures, mechanical 
properties, deformation, damage initiation and growth by 
Non-Destructive Evaluation (NDE) techniques plays a vital 
role in various industries because of the growing awareness 
of the benefits that can be derived by using NDE techniques 
for assessing the performance of various components. In this 
study we apply NDT methods to characterize the 
nanostructure [1-8]. 

II. RESULTS 

1. Eddy Current measurement 
 
The analysis of Eddy Current shows that we can determine 
the status of nano structural by analyzing the impedance 
diagram [9-10]. 
The impedance diagram for each sample studied is different. 
This corresponds to a change of microstructure during 
milling, see Fig.1: 

 

 

 
• Iron has a high impedance compared to Fe-Co  
• For Fe-Co, the milling time influences the impedance 

diagrams; we note that when the frequency increases, a 
narrowing of the trajectories is obtained.  

The curve is very important because we can see through the 
trajectories of the impedance diagram that the material 
obtained during milling loses its magnetic qualities stored 
according to the presence of Cobalt. For the nanostructure we 
have shown the relationship between impedance, crystallite 
size and lattice parameters.  

Fig.2. illustrates the evolution of the impedance (Z) and 
crystallite size versus milling time in high frequency. The 
evolution of the impedance decreases in the same way of the 
curve representing the crystallite size.  
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The evolution of the impedance (Z) and crystallite size versus 
milling time at 4862Hz frequency follows the same 
evolution, Fig. 2.  

 

 
Fig.3. illustrates the evolution of the admittance and lattice 
parameters versus milling time in low frequency. The 
evolution of the admittance increases in the same way of the 
curve representing the Lattice parameter. 
The evolution of the admittance and lattice parameter versus 
milling time at 1000Hz frequency has the same evolution, 
Fig. 3.  
 
2. Magnetic Measurement 
The coercivity is often seen as an important parameter if low 
losses are to be achieved. We were tried to find the 
relationship between the coercivity and microstructure of 
magnetic alloys [11, 14].  

Fig.4. illustrates the evolution of the coercivity and the 
residual field versus milling time. As shown in Fig.5, the 
residual field shows a maximum value and the coercivity is a 
minimum value respectively at 5 hours of milling. The 
intersection of two curves at 15 h represented the appearance 
of FeCo alloy. 

 

      Fig.5. illustrates the evolution of the coercivity and lattice 
parameters versus millig time. The evolution of the coercivity 
increases in the same way of the curve representing the lattice 
parameter. As for soft magnetic systems in general, the 
coercivity of FeCo alloys depends strongly on the 
microstructure. 

 

III. CONCLUSION 
We can analyze the material nanostructured elaborated by 
mechanical alloying by NDT electromagnetic methods. The 
reduction of grain size enhanced the magnetic and 
mechanical property of FeCo alloys. 
The coercivity of FeCo alloy depends strongly on the 
microstructure, the residual field and the coercivity shows a 
maximum and minimum value respectively at 5 hours of 
milling, the evolution of the coercivity increases in the same 
way as the curve representing the lattice parameters 
It is possible to characterize the nanomaterials by the 
electromagnetic method (eddy currents).  
The results are obtained: 

• the evolution of the crystallite size have the same  
behavior of impedance  

• the evolution of the lattice parameter have the same  
behavior of admittance  
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Abstract  

 The silver nanoparticles are known such as diffusers and efficient light absorbers, because of 
their strong interactions with visible light through the phenomenon of surface Plasmon resonance 
(SPR). Local frequency LSPR strongly depends on the size, shape and dielectric medium. The 
synthesis of silver nanoparticles of different sizes was carried out, using different molar 
concentrations of silver nitrate at different temperatures in two different solvents (ethanol and 
methanol).  the synthesized nanoparticles were characterized by UV-Visible spectroscopy. The results 
show the presence of an absorption peak at around 440 nm. A theoretical study based on the use of 
the simulator COMSOL Multiphysics was developed. It was demonstrated, that the nanoparticles 
have a spheroids shape and their sizes are of the order of 12 nm. The theoretical results were validated 
by experimental results. 

Keywords: Silver nanoparticles, localized surface plasmon resonance, LSPR, modeling. 

 

1. INTRODUCTION 

The silver nanoparticles are particularly attractive 
because of their single optical properties [1-3]. For 
example they exhibit a strong absorption band in the area 
UV-visible and an intense diffusion of the incidental light 
with scales length much smaller than the wavelength. It is 
the phenomenon of surface Plasmon resonance (SPR) [4-7] 
which occurs when the incidental light on the nanoparticles 
is in resonance with the collective oscillations of the 
electrons of conduction in metal nanostructures. 

The metal nanoparticles are used in many applications 
such as chemical detections for example the detection of 
Mercury ions in aqueous mediums, biological detections 
for example the detection of bio markers or proteins sailing 
in the body fluids representative certain diseases 
cardiovascular and certain cancers, the imagery by the use 
of the nanoparticles like agent of contrast for the optical 
imagery, the delivery of therapeutic agent like drugs or 
genes and their release by external stimuli like the light 
and the thermal photo treatment targeted various diseases 
like cancer [8-14]. The plasmonic nanoparticles can be 
manufactured with a high degree of accuracy and in 
various forms [15] this with an aim of exploiting to the 
maximum their optical properties which extend from 
visible until the infrared, and which are influenced by the 
size and the form of the nanoparticles as well as dielectric 
medium surrounding them [16-18].This work concerns the 
synthesis of silver nanoparticles of controlled size. These 
nanoparticles are obtained by reduction of silver salt 
(AgNO3) by the benzoic acid, in the presence of PVP .The 
size as well as the form of the nanoparticles are indirectly 
given according to the index of refraction of the solution of 
silver nanoparticles which we exploited in the study of 
three elaborate ideal models with software COMSOL 
Multiphysics based on the Finite Element Method (FEM) , 
in order to determine the nanoparticle which can 
qualitatively reproduce the behavior observed in 
experiments.  

2. EXPERIMENTAL STUDY: 

2.1 Materials: 

The silver nitrate (Ag NO3,99.92% of purity) is used as 
precursor, the polyvinylpyrrolidone (PVP, the average 
molecular weight are of 40.000) is used like stabilizing, the 
benzoic acid is used like reducing agent, methanol and the 
ethanol is used as solvents. 

2.2 Protocol of synthesis: 

Silver nanoparticles were produced by a chemical process 
of reduction. A silver nitrate solution (0,0025 M of 
AgNO3) was prepared by diluting 0,42 g in 10 ml of 
ethanol with simultaneous mixture of a benzoic acid 
solution (0,5 G in 10 ml of ethanol) and the solution of 
PVP (1g in 10 ml of ethanol) to room temperature under 
vigorous magnetic agitation during 20 min. the mixture of 
reaction was heated at various temperatures (40 °, 50 °, 60 
°, 70 °). Then, we varied the concentration of AgNO3 by 
taking the concentrations 0,0015M, 0.0030M, 0.0035M 
and by keeping same the other parameters. 

The same protocol for the synthesis of the silver 
nanoparticles is remade with methanol. 

2.3  UV-VISIBLE ABSORPTION SPECTROSCOPY 

The study of the optical properties by spectroscopy of 
absorption constitutes one of the essential stages for the 
characterization of the silver nanoparticles synthesized.  

It reveals the formation of silver nanoparticles thanks to 
the detection of a strong absorption of light by the 
nanoparticles in the area of the visible light. 

The UV-visible spectra are recorded with a UV-visible 
spectrophotometer Ultrospec 2100 PRO, in a range 
wavelength extending from 200 to 900 nm. 

Firstly we characterized our colloidal solutions according 
to the temperature for a concentration of AgNO3 of 0.0025 
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moles by holding the other constant parameters in two 
different solvents. The results obtained are gathered in the 
following table. 

Table 1. Absorption maxima (λmax) of silver 
nanoparticles prepared from AgNO3 solution (0.0025 M) 

at different temperatures in different solvents. 

AgNO3
30° 40° 50° 60° 65° 70°

In ethanol 446,1 439,8 444,1 445,1 _ 439,6
In methanol 440,5 440,7 440,6 445,8 451,4 _

λmax (nm)

 
In the figure1, we present the absorption spectra for a 
concentration of AgNO3 of 0.0025 moles. 

 

 
Fig1. UV-Vis absorption spectra of silver colloidal particles 

synthesized from AgNO3 solution (0.0025M) at 30°C in 
different solvents (a) Ethanol, (b) Methanol. 

Then we varied  the concentration of AgNO3 from 0.0015 to 
0.0035 moles in two solvents, the samples are taken at 
constant temperature 30°.The results obtained are gathered on 
table 2. 

 

 

Table2.Absorption maxima (λmax) of the silver colloidal 
particles prepared from different concentrations of silver 

nitrate at room temperature 30° in different systems 

 

 

 

 
Fig2 .UV-vis absorption spectra of silver colloidal 

particles synthesized from AgNO3 solution (0.0035M) 
at room temperature 30° in different solvents: (a) 

ethanol,(b)methanol. 

Figure 2 presents an example of peak of absorption for the 
concentration 0.0035 mole. 

We notice that the results obtained for ethanol are better 
contrary to the peaks of absorption obtained with methanol 
or we notice a spreading out of the spectrum, probably 
with a phenomenon of agglomeration of the silver 
nanoparticles  

3. THEORETICAL STUDY: 

3.1 Ideal model: 

In order to predict the optical behavior of the nanoparticles 
worked out by chemical synthesis according to our 
preceding protocol, as well as the size and the form of the 
nanoparticles, we developed a theoretical approach while 
basing ourselves on the resolution of the Maxwell's 

a 

b 

AgNO3
0,0015 M 0,0025M 0,0030M 0,0035M

In ethanol 439,8 436,4 441,5 438
In methanol 435,6 440,5 446,2 442,4

λmax (nm)

a 

b 
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equations; by the finite element method, and while making 
use of simulator COMSOL Multiphysics.  

One considers the electromagnetic-nanoparticle 
interaction wave described by the equation of wave of 
Maxwell [19]: 

    (1) 

The absorption Coefficient   is obtained by 
integrating the thermal losses (Uav) compared to the 
volume of the nanoparticle: 

                (2) (2) 

Where Einc is the amplitude of incidental electric field, r is 
the radius of the nanoparticle; ε0 and μ0 are respectively the 
permittivity and the permeability of the vacuum. 

3.2 Results of modeling:  

In first, we supposed that the nanoparticles worked out 
by chemical reduction have a form of nanospheres or 
nanorods or nanospheroids .The nanoparticles are 
surrounded by layers perfectly absorbing then excited 
by an electromagnetic wave wavelength of 400 nm - 
800 nm parallel to polarize the major axis for the case 
of the spheroid and the stick. The experimental 
parameters used are: the permittivity of the silver 
nanoparticles which is extracted from the 
experimental data of Palik [20] and the index of 
refraction of the surrounding medium 1,34 and 1,37 
which are respectively extracted from the colloidal 
solution with the solvent ethanol and methanol. 

 

 

 

 

 

 

 

 

 

 

Fig 3: Contours of the electric field around: a) 
spherical and b) spheroid silver nanoparticles. 

In the case of methanol we found for a wavelength similar 
to the experimental results, while basing ourselves on the 
theory of Mie, of the spherical nanoparticles, whose 
diameter is of 60 Nm; according to the spectra of the 
experimental results that it’s rather an agglomeration of 
nanoparticles with certainly of irregular contours. 

On the other hand for ethanol the results of the spheroids 
present exaltations of the fields to the wavelength obtained 
in experiments, and spectra similar between the two 
theoretical and experimental results from where any 
confirmation that the nanoparticles in a solvent ethanol 
have dimensions of 12 nm diameter and 1,4 nm  of aspect 
ratio for a spheroid form. Nevertheless in a medium 
solvent methanol it is difficult to predict the form and the 
size of the nanoparticles because of the phenomenon of 
agglomeration. 

4. CONCLUSION: 
We proceeded to the study of the optical properties of the 
silver nanoparticles which are strongly influenced by the 
size, the form, the index of refraction of the surrounding 
medium but also by the physical and chemical 
experimental conditions. The UV-visible absorption 
spectroscopy of the solutions of silver nanoparticles 
prepared for various molar concentrations of AgNO3 with 
various temperatures in various systems shows for the 
majority of them only one peak of absorption. However the 
temperature probably acts on the widening of the 
absorption spectra of the nanoparticles resulting from 
methanol medium due to a phenomenon of agglomeration. 
The results of simulation by software COMSOL 
Multiphysics show an agreement of the silver nanoparticles 
synthesized in solvent ethanol with the spheroid model of 
12 nm diameter. On the other hand, it is difficult to predict 
the form and the size of the nanoparticles in a medium 
solvent methanol because of the phenomenon of 
segmentation.        
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FATIGUE LIFE PREDICTION OF UPPER ARM SUSPENSION USING STRAIN LIFE 
APPROACH. 
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Abstract  

 This paper presents the fatigue life behavior of upper arm suspension under cyclic loading. The 
main objectives are to predict the fatigue life of the component using strain life approach, to identify 
the critical location and to select the suitable materials for the suspension arm.To conduct this 
analysis three aluminum alloys were selected for the suspension arm, to do so CAD model of upper 
arm is designed in Solid Works and imported in a finite element ANSYS code. The upper arm was 
subjected to constant amplitude loading in z direction and boundary conditions were applied at the 
end of bushing. Tetrahedral elements gives enhanced results as compared to other types of elements, 
therefore the elements used in this analysis is (TET 10); the maximum principal stress is considered in 
the linear static stress analysis and the critical location was considered at node 63754.The finite 
element model and analysis were performed utilizing the finite element analysis code. Finally, 
damage is evaluated to the remaining capacity of life and then the stress and strain at the critical 
region are estimated. From the fatigue analysis Aluminum alloys 7175-T73 and 2014-T6 presents a 
similar behavior compared to 6061-T6 , in this case of study these lather are considered to be the 
materials of choice to manufacture the suspension arms; but 7175-T73 Aluminum alloys remains the 
material with a better resistance to fatigue. 

Keywords: Upper Suspension arm, finite element analysis, constant amplitude loading, strain-life 
method, critical location. 

 

I. INTRODUCTION 

The suspension system is one of the most important 
components of vehicle, which directly affects the safety, 
performance, noise level and style of it. The vehicle 
suspension system is responsible for driving comfort and 
safety as the suspension carries the vehicle-body and 
transmits all forces between body and road [1]. In the 
automotive industry, the riding comfort and handling 
qualities of an automobile are greatly affected by the 
suspension system, in which the suspended portion of the 
vehicle is attached to the wheels by elastic members in 
order to cushion the impact of road irregularities. 
Suspension arm is one of the main components in the 
suspension systems; it joins the wheel hub to the vehicle 
frame allowing for a full range of motion while maintaining 
proper suspension alignment. Uneven tire wear, suspension 
noise or misalignment, vibrations are the main causes of the 
failure of the lower suspension arm. Most of the cases the 
failures are catastrophic in nature as the Finite element 
method (FEM) gives better visualization of this kind of the 
failures so FEM analysis of the stress distributions around 
typical failure initiations sites is essential. Therefore in this 
paper it is proposed to carry out fatigue analysis of upper 
suspension arm of light commercial vehicle using FEM. 

Fatigue analyses can be performed using either one of the 
three basic methodologies including the stress-life 
approach, strain-life approach [2] and crack growth 
approach. The stress-life method was first applied over a 
hundred years ago and considers nominal elastic stresses 
and how they are related to life. This approach to the 
fatigue analysis of components works well for situations in 
which only elastic stresses and strains are present however, 
most components may appear to have nominally cyclic 

elastic stresses but stress concentrations present in the 
component may result in local cyclic plastic deformation. 
Under these conditions, fatigue analysis using the local 
strain-life method uses the local strains as the governing 
fatigue parameter and capable of handling significant levels 
of cyclic plasticity [3]. 

The strain-life approach can be used proactively for a 
component during early design stages and the fatigue 
resistance of metals can be characterized by a strain-life 
curve see Fig1. The relationship between the total strain 
amplitude ( ) and the reversals to failure (2Nf) can be 
expressed in Eq. (1) [4-5].  

                 (1) 

Fig 1. Strain life curve [6]. 
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Where is the fatigue life, is the fatigue 
strength, E is the modulus of elasticity, b is the fatigue 
strength exponent, is the fatigue ductility coefficient, 
and c is the fatigue ductility exponent. It should be 
noted that this methodology is based on the fact that 
plastic deformation is a small fraction of total 
deformation; this is why this method delivers good 
estimates in high fatigue cycle regions where elastic 
deformation controls the processes of fatigue damage. 
So, this methodology is not unique as a tool for low 
cycle and high fatigue cycle prediction [7]. The local 
strain-life approach is preferred if the loading history is 
irregular and where the mean stress and the load 
sequence effects are thought to be of importance. The 
strain-life approach involves the techniques for 
converting the loading history, geometry and materials 
properties (monotonic and cyclic) input into a fatigue 
life prediction. First, the stress and strain at the critical 
region are estimated then, the crack initiation methods 
are employed to predict the fatigue life. The simple 
linear hypothesis proposed by Palmgren [8] and Miner 
[9] is used to accumulate the fatigue damage. Finally, 
the damage values for all cycles are summed until a 
critical damage sum (failure criteria) is reached. The 
concept of damage represents the state of degradation of 
the material considered. This state result in a 
quantitative representation of the endurance of the 
materials subjected to various loading history; a 
cumulative damage law is, for its part, a rule for 
accumulating damage variable D as for the service life; 
it is defined by a number of cycles N which leads to the 
rupture thus, the application of n cycles (n <N) causes a 
partial deterioration of the part considered for the 
calculation. The evaluation of the damage, at a given 
moment, is decisive to evaluate the remaining capacity 
of life. Fatemi and Yang [10] have documented in the 
literature more than fifty laws of cumulative damage; 
the most used today is that of linear damage Palmgren-
Miner remains the best compromise between the 
simplicity of application and the quality of forecasts for 
long life [11]. The Miner’s rule is as follows: 

 
                                           (2) 

 
With  number of repetitions of a given cycle (with 
amplitude or range),  number of repetitions of the 
same cycle required to declare the failing component 
( . For the different cycles of the random 
solicitation studied, the overall damage is obtained by 
linear addition of the elementary damages: 
 

                     (3) 

2.  MATERIAL INFORMATION : 
 

 Material model and material properties play an 
important role in the result of the FEM. The material 

properties are one of the major inputs which is the 
definition of how a material behaves under the cyclic 
loading conditions. The cyclic material properties are 
used to calculate the elastic-plastic stress-strain response 
and the rate at which fatigue damage accumulate due to 
each fatigue cycle. The materials parameters required 
depend on the analysis methodology being used. The 
mechanical properties of Materials used in this analysis 
are shown in Table 1. 

Table 1:  Materials properties of Aluminum alloys 

 
Aluminum 
alloy 2014-
T6_125_HF 

Aluminum 
alloy 
6061-

T6_80_HF 

Alumin  
alloy 71  

T73_NON  

Tensile strength, 
σUTS (MPa) 483 340 524 

Yield strength, σYS 
(MPa) 437 313 447 

Young’s modulus, E 
(GPa) 72.7 72.7 71.3 

Fatigue strength 
exponent, b -0.12 -0,097 -0.082 

Fatigue strength , σf 
(MPa) 976 645 765 

Fatigue ductility 
exponent, c -0.88 -0.6 -1.14 

Fatigue ductility 
coefficient, εf 

0.88 0.22 6.18 

3.  MODEL DESCRIPTION 
Vehicle suspension is a mechanism locating between the 
sprung mass (vehicle body) and the unsprung masses 
(wheels) of the vehicle. The suspension provides forces 
between these two masses of the vehicle according to certain 
state variables of the vehicle. A good car suspension system 
should have satisfactory road holding ability, while still 
providing comfort when riding over bumps and holes in the 
road. A simple three-dimensional model of suspension arm 
was modeling by using Solid Works software then imported 
to Ansys finite element code. Fig 2. shows the structural 
model [12].The weight is 1.19 kg and the size is 320mm x 
260mm x 68mm [13, 14 and 15]. 

 

 

 

 

 

 

Fig 2. Three-dimensional FE model 
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4. MESH GENERATION : 
In this analysis mesh generation is auto generation by the 
ANSYS software, after that sizing of 3mm was given to the 
suspension arm. Tetrahedral 10-noded elements were used 
to mesh the upper suspension arm, see Fig 3. 

 
Fig 3. Mesh model with tetrahedral element (TET 10) 

5. LOADING 

We consider vertical force 2500 N is loaded with constant 
amplitude in Z direction [16] applied at the end of the 
bushing that connected to the tire. The other two bushing that 
connected to the body of the car are constraint. The three-
dimensional FE model, loading and constraints of suspension 
arm is shown see Fig4. [17]. 

 

Fig 4. Boundary conditions and force loading 

Loading is of constant amplitude because only 1 set of 
finite element stress results along with a loading ratio is 
required to calculate the alternating and mean stress. The 
loading ratio is defined as the ratio of the second load to the 
first load  

                           (4) 

In this study constant amplitude loading is fully reversed 
(apply a load then apply an equal and opposite load; a load 
ratio of -1). 

5. RESULTS AND DISCUSSION  

In this analysis we use Ansys software based on (FEM), it 
is known for its high performance, quality and ability to 
solve all kinds of challenging simulations. 

 

 

Aluminum alloys 

6061-T6 

 
zoom at critical node 

 
2014-T6 

 
7175-T7 

 
Fig 5. Predicted life contour . 

Fig 5. shows predicted life contour plotted for the three 
aluminum alloys; we see that 6061-T6 aluminum alloys 
presents the shortest life at node 63754. 
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a) At all nodes 
 

b) At 10 hot spot nodes 
 

Fig 6. Composite plot for three materials Predicted life-nodes 
curves. 

Fig 6. shows the increase of life a) at all nodes and , b) at 10 
hot spot nodes. We see clearly that the critical area is at node 
63754. Among the three studied materials, 6061-T6 shows 
the shortest fatigue life (241.9 cycles) due to the development 
of stress concentration near singularitie which led of a large 
deformation. 

Fig 7. shows damage contour plotted for the same materials ; 
the higher damage corresponds to 6061-T6 aluminum alloy 
since it has the shortest life. 

 

 

 

 

6061-T6 

 
2014-T6 

 
7175-T73 

 
Fig 7. Damage contour plotted. 
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a) At all nodes 

b) At 10 hot spot nodes 

Fig 8. Composite plot of three materials Damage-Life 
curves 

Fig 8. shows damage according to the number of cycles 
which decreases with increasing cycles.We note that for 
cycles less than 500 cycles the damage is more important. 
The higher damage of 4.13 E-3 at node 63754 
corresponding to 241 cycles is that of 6061-T6. The 
damage depends on strain rate. For life less than 500 cycles 
the deformation is mainly plastic,whereas for life larger 
than 500 cycles the deformation is mainly elastic. 

Fig. 9 shows strain contour plotted for the three aluminum 
alloys ; we see clearly that the maximum strain observed at 
node 63754 is for 6061-T6. 

 

 
 
 
 

6061-T6 

 
2014-T6 

 
7175-T73 

 
Fig 9. Strain contour plotted 
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a) at all nodes 

 

b) at 10 hot spot nodes 

Fig 10. Composite plot of three materials Stress-Life curves 
 

Fig 10. presents graph of strain according to the number of 
cycles; this graph shows that the strain decrease when the 
predicted life increases; the max strain observed for 6061-
T6 is 10.26 E-3 at critical node which correspond to a 
minimum life of 241.9 cycles. 
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b) 2014 

 
c) 7175 

Fig 11. Strain amplitude vs life [2]. 

Fig 11. shows results tests carried out on three aluminum 
alloys ; it is clear that the material with the shortest life is 
6061-T6 which confirms the appearance of the curves 
drawn in Fig.10 from the simulation. 

 

 

 

 

 

 
 

6061-T6 

 

2014-T6 

 

7175-T73 

 

Fig 12. Stress contour plotted. 
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Fig13. Stress amplitude vs. Strain amplitude 
 
Fig 12. shows stress contour plotted for the three materials 
however Fig 13. shows the evolution of stress according to 
deformation, we note that for the same loading the levels of 
constraints and deformations reached for the three materials 
are not the same, with small difference for 7175 and 2014; 
however the largest deformation reached is that of 6061 
(10.26 E-3) at the critical node 63754 it corresponds to the 
smallest constraint (388.6 MPa).We also note that the stress 
levels reached at critical node for three materials exceed 
their tensile strength which results in elastoplastic behavior 
of the latter. 
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c)  7175 

 

Fig14. Tests stress vs. strain for three materials [2]. 
 

Fig 14. shows the stress-strain tests results obtained for the 
three materials it is clear that there is a correlation between 
these graphs and the results obtained by simulation. The 
table 2 summarize the results of the fatigue analysis of the 
upper arm suspension. 

 
 
 
 
 
 
 
 

Table 2 Fatigue analysis results for the three materials 

 Life cycles Damage 
Max 
stress 
MPa 

Max 
strain 

6061-
T6_80_HF 241.9 4.13 E-3 388,6 10.26 E-3 

2014-
T6_125_HF 444.7 2.24 E-3 515.8 8.17 E-3 

7175-
T73_NONE_HF 485.8 2.05 E-3 501.1 8.53 E-3 

 
 
 
 

Table 2. shows the results obtained from a fatigue life 
analysis conducted for three aluminum alloys with different 
mechanical properties. For 7175-T73 and 2014-T6, the 
stress values gives almost similar deformations as well as 
the resulting damage, which explains the similarity of the 
behavior. The maximum stresses obtained are 515.8 MPa 
and 501.1 MPa respectively exceeding their tensile strength 
σUTS (483 MPa and 524 MPa) ,where the deformations 
values are of the order of 8.17 E-3 and 8.53 E-3 at node 
63754, we can notice that for approximatively the same 
range of stress gives the same life and strain . We can also 
see that the damage caused in the first material (2014-
T6_125_HF)  is slightly higher than in the second one 
(7175-T73_NONE_HF), a large deformation led to a small 
damage against a small deformation led to  a great damage. 
However for 6061-T6 for the same loading the level of 
stress is the smallest with a value of (388.6 MPa), as well as 
the deformation is (10.26 E-3) and damage rate is the 
greatest one (4.13 E-3). 
 

6. CONCLUSION 

In this study a strain-life approach based on finite 
element of the fatigue life prediction of a upper arm 
suspension is presented.  The calculation is carried out 
using Ansys nCode Design Life, one of the leading 
commercial durability software tools worldwide .Three 
materials were used to conduct this analysis. Hot spot 
detection is used to identify the critical areas of the model, 
10 most damaged areas are identified, highlighting the 
worst node in each area. The result of the fatigue analysis 
based on strain life approch is a life and damage contours 
plotted for three aluminum alloys, life and damage values 
are calculated for every node and the red color indicates the 
minimum life and the maximum damage at critical areas in 
the component . We see clearly the decrease in life when 
damage increase. Also the maximum values of stress and 
strain in each node are évaluated. Finally the fatigue life 
analysis is focused on node 63754 where there is a local 
accent constraint near a singularity. This study highlight the 
influence of the singularities on the behavior of the upper 
arm. The comparison of the fatigue behavior for the three 
materials showed the similarity of the behavior between 
2014 and 7175 because their fatigue lifes are close as well 
as the deformations resulting. However for 6061 the 
deformation obtained is greater which led to a smaller life 
of around 50% compared to the two others.  

This study shows that 7175-T73 and 2014-T6 
aluminum alloys suspension arm presents a better 
resistance to fatigue and higher life compared to 6061-T6 
aluminum alloys. Thus, these lather are considered to be the 
materials of choice in this case of study.this comparison 
allows us to made it possible to understand their 
performances and the mechanisms of damage within the 
suspension arm as well as the values of the fatigue life 
obtained. 

From this study we could notice that:  

 At large strains or short lives, the plastic strain 
component is predominant, and at small strains or 
longer lives the elastic strain component is predominant.  
 At larger strains, increased life is dependent more on 
ductility, while at smaller strains longer life is obtained 
from higher strength materials. 
 Most fatigue failures begin at local discontinuities 
where local plasticity exists and crack nucleation and 
growth are governed by local plasticity at the notch tip. 
 The optimum overall strain-life behavior is for tough 
metals, which are materials with good combinations of 
strength and ductility larger strains. 
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Abstract   

 
Bayesian statistics have the advantage of being easily established and derived. Thus, we 

will use this approach to find the distribution of the predictive probabilities of the data not 
observed yet in the conception of clinical trials phase II. Such perspectives are necessary in 
cases or in reason treat ethical preoccupations or ether to achieve trials which are particularly 
toxic or expensive. We propose, in reason of neutrality, to calculate the predictive 
probabilities within a Bayesian case, where the prior is non informative in different models 
apply in clinical trials. 

Keywords: Bayesian prediction, p-value, clinical trials, non informative prior. 

 
 

I- Introduction 

Clinical trials are prospective studies to evaluate the effect 
of interventions in humans under prespecified conditions. 
They have become a standard and integral part of modern 
medicine. A properly planned and executed clinical trial is 
the most definitive tool for evaluating the effect and 
applicability of new treatment modalities ([3]; [4]; [5]; [7]).  
The methodology adapted to the context of clinical trials is  
characterized by many constraints and unsatisfactions and 
form the  subject of a deep and continuous development 
([1]; [5]; [6]; [8). One of the reasons of such interest likely 
holds from the fact that public health  authorities are 
responsible for the authorization of putting the  drugs into 
market and they play a primordial role in the elaboration  
of rigorous methodology of clinical trials in the view of all 
the  actors in this field (industries, public institutes of 
research, hospitals and scientific journals). 
 The clinical trials primary goal is to 
evaluate the efficiency and  the tolerance of a new medical 
treatment, they are characterized by  complex actions that 
can 't be readily modeled and they do not  depend solely on 
statistical considerations (see for example  Shein-Chung  
Chow, and al., [2]).  
 The Bayesian approach brings a major 
flexibility to the statistic methodology of the clinical trials. 
In particular we are interested to use this approach in 
prediction in the context of clinical trials because of the 
critical role which play the predictive probability in the 
design of a trial and also in monitoring trials. In this 
situation, often we have got primary experimental 
information in the form of phase I which we need to 
confirm some results ([2], [8]). Formally, we consider the 
following situation: To go by the data of the first sample, 
we can plan an experience (a new sample) so as to have 
good chances to get the intended conclusion if the 
experimentation is not discarded. We propose the 

procedure based on the concept of the index of satisfaction 
which is a function of the p-value, and we envisage, given 
the available data, to calculate a predicted satisfaction of 
this index conditioning to the previous observations ([8]). 
To illustrate this procedure, we will study several 
exponential models chosen a non-informative prior to 
make evidence to the analysis objectivity of the 
experimental data. The numeric calculations and the 
simulation results are presented in the form of Gaussian 
model. 
 
2. Statistic method : 

       We recall (see Merabet [8]), that the  experimental 
context consists of two successive experimentations, of 
results ω′ ∈ Ω′ and ω′′ ∈ Ω′′, which are in general carried 
out  independently. Their distributions built in the 
framework of a well  established model, depend on a 
parameter θ ∈ Θ, only   ω" is used to found the official 
conclusion of the study and to determine the user 
satisfaction denoted ϕ(ω") (and on the choice about which 
we will come back in 3). But, on the basis of the result ω′ 
of first step clinical trial, it is useful to anticipate what the 
satisfaction will be well after the second step. In our study, 
this prediction is carried out in a bayesian context, i.e., 
based on the choice of a prior probability on Θ. We 
therefore define the indicator of prediction as: 

𝜋𝜋(𝜔𝜔′) = ∫ 𝜙𝜙(𝜔𝜔")𝑃𝑃𝛺𝛺′′𝜔𝜔′(𝜔𝜔′′)𝛺𝛺′′                            (1) 
 
Where 𝑃𝑃𝛺𝛺′′

𝜔𝜔′
(𝜔𝜔′′) is the probability on   𝛺𝛺′′, conditioned by 

the result of the first step, and 𝜙𝜙(𝜔𝜔") is the index of 
satisfaction, given also as: 

 𝜋𝜋(𝜔𝜔′) = ∫ �∫ 𝜙𝜙(𝜔𝜔")𝑃𝑃𝛺𝛺′′𝜃𝜃 (𝜔𝜔′′)𝛺𝛺′′ �𝛩𝛩 𝑃𝑃𝛩𝛩𝜔𝜔′(𝜃𝜃)              (2) 
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Were PΩ′′θ (ω′′) is the sampling distribution of the second 
step, and PΘω′(θ) is the posterior probability on Θ, based on 
the result of the first step. Let us consider the case where 
one has densities relative with measurements 𝜇𝜇, 𝜈𝜈′ and 𝜈𝜈′′ 
on Θ, Ω′ and Ω′′, that of the prior 𝑃𝑃Θ being denoted 𝑔𝑔 and 
those of the sampling probabilities PΩ′θ  and PΩ′′θ   being 
denoted 𝑓𝑓′(. |𝜃𝜃) and 𝑓𝑓′′(. |𝜃𝜃)respectively. (1) and (2) then 
become: 
 
 
 

𝜋𝜋(𝜔𝜔′)
∫ ϕ(ω")�∫ 𝑓𝑓′�𝜔𝜔′|𝜃𝜃)𝑓𝑓′′�𝜔𝜔′′|𝜃𝜃�𝑔𝑔(𝜃𝜃�𝜇𝜇(𝑑𝑑𝜃𝜃)Θ �Ω" ν′′(dω′′)

∫ 𝑓𝑓′(𝜔𝜔′|𝜃𝜃)𝑔𝑔(𝜃𝜃)𝜇𝜇(𝑑𝑑𝜃𝜃)Θ
   (3) 

And 

𝜋𝜋(𝜔𝜔′) =
∫ �∫ ϕ(ω")𝑓𝑓′′�𝜔𝜔′′|𝜃𝜃�ν′′(dω′′)Ω′′ �𝑓𝑓′�𝜔𝜔′|𝜃𝜃)𝑔𝑔(𝜃𝜃�𝜇𝜇(𝑑𝑑𝜃𝜃)Θ

∫ 𝑓𝑓′(𝜔𝜔′|𝜃𝜃)𝑔𝑔(𝜃𝜃)𝜇𝜇(𝑑𝑑𝜃𝜃)Θ
 (4) 

 
 

2.1. Index of satisfaction 
 
This concept is important when the statistician, who carries 
out a test, “wishes” to observe a significant result, that is to 
reject the null hypothesis H0. Its satisfaction will be thus 
larger in the event of rejection, and even in general as much 
larger as the observation that leads to this rejection is more 
significant. It’s what even the users put in an obvious place, 
at the end of a test, not only the conclusion “all or nothing” 
( significant or not significant) but also the smaller value of 
threshold for which the result  𝑦𝑦  observed will be 
considered significant that is in theory of the test, the p-
value. 
 Being 𝛼𝛼 fixed let a test of level 𝛼𝛼 be defined by a 
critical region Ω1

′′(𝛼𝛼). It is more interesting to take into 
account to what level will be the results always appear 
significant. We will use a new index of satisfaction, that 
was study by Merabet H. (2004), and defined for the 
Bayesian tests, based on the same prior 𝑃𝑃Θ, as: 

𝜙𝜙(𝜔𝜔′′) = �
0                                                 𝑖𝑖𝑓𝑓   𝜔𝜔′′ ∈ Ω0

′′(𝛼𝛼) 

1 − 𝑖𝑖𝑖𝑖𝑓𝑓�𝛽𝛽;𝜔𝜔′′ ∈ Ω1
′′(𝛽𝛽)�     𝑖𝑖𝑓𝑓   𝜔𝜔′′ ∈ Ω1

′′(𝛼𝛼) 
 

(5) 
A standard situation is that where it exists an application 
𝜓𝜓(Θ → ℝ) such as Θ0 = {𝜃𝜃;  𝜓𝜓(𝜃𝜃) ≤ 𝑡𝑡0} and where it also 
exists 𝜉𝜉(Ω′′ → ℝ) and 𝑔𝑔(]0,1[ → ℝ) such that  

Ω1
′′(𝛼𝛼) = {𝜔𝜔′′;  𝜉𝜉(𝜔𝜔′′) ≤ 𝑔𝑔(𝛼𝛼)} 

Where 𝑔𝑔(𝛼𝛼) is the (1 − 𝛼𝛼) fractile of the distribution of  𝜉𝜉  
when 𝜓𝜓(𝜃𝜃0) = 𝑡𝑡0. It thus appears natural to use the p-value 
to define the satisfaction indexes that are null if a 
significant effect is not detected, and in the opposite case 
are an increasing function of the classical indicator of 
significance. In this case 

𝑝𝑝(𝜔𝜔′′) = 𝑃𝑃𝜃𝜃0�𝜉𝜉 > 𝜉𝜉(𝜔𝜔′′)� 

An index of satisfaction is thus defined naturally as: 

𝜙𝜙(𝜔𝜔′′) = �
0                 𝑖𝑖𝑓𝑓          𝜉𝜉(𝜔𝜔′′) ≤ 𝑔𝑔(𝛼𝛼) 
𝐿𝐿�𝑝𝑝(𝜔𝜔′′)�      𝑖𝑖𝑓𝑓        𝜉𝜉(𝜔𝜔′′) > 𝑔𝑔(𝛼𝛼)               (6) 

Where 𝐿𝐿 is a decreasing function. Let 𝐹𝐹𝜃𝜃0be a distribution 
of 𝜉𝜉 at the frontier, i. e., for any 𝜃𝜃0 such as 𝜓𝜓( 𝜃𝜃0) = 𝑡𝑡0, 
the index of satisfaction is defined by: 

𝜙𝜙(𝜔𝜔′′) = �
0                         𝑖𝑖𝑓𝑓     𝑝𝑝(𝜔𝜔′′) ≥ 1 − 𝛼𝛼 
𝐿𝐿 �1 − 𝐹𝐹𝜃𝜃0(𝜔𝜔′′)�                       𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒              (7) 

The prediction is then given by: 

𝜋𝜋(𝜔𝜔′) = ∫ 𝐿𝐿 �1 − 𝐹𝐹𝜃𝜃0(𝜔𝜔′′)�𝑃𝑃𝛺𝛺′′𝜔𝜔′(𝜔𝜔′′){𝜔𝜔′′;𝜉𝜉(𝜔𝜔′′)>𝑔𝑔(𝛼𝛼) }      (8) 

3. Application : 

 We propose to calculate explicitly or numerically 
the prediction of satisfaction in several exponential models 
for 𝐿𝐿(𝑝𝑝) = (1 − 𝑝𝑝) when the prior distribution of the 
unknown parameter 𝜃𝜃 is non-informative (see Robert, 
2006) and in the case of a test of threshold, 𝛼𝛼 where the 
null hypothesis is of type 𝜃𝜃 ≤ 𝜃𝜃0. 

3.1. Poisson Sampling : 

 Let us suppose that 𝑋𝑋′𝑖𝑖  (1 ≤ 𝑖𝑖 ≤ 𝑖𝑖) and 𝑋𝑋′′𝑖𝑖  (1 ≤
𝑖𝑖 ≤ 𝑘𝑘) are i.i.d. normal random variables of Poisson 
distribution 𝒫𝒫(𝜃𝜃), where 𝜃𝜃  is unknown. 
Then 𝜔𝜔′ = ∑ 𝑋𝑋′𝑖𝑖𝑛𝑛

𝑖𝑖=1  have a Poison distribution 𝒫𝒫(𝑖𝑖𝜃𝜃 ) and 
𝜔𝜔′′ = ∑ 𝑋𝑋′′𝑖𝑖𝑘𝑘

𝑖𝑖=1  have a Poisson distribution 𝐵𝐵(𝑘𝑘𝜃𝜃 ). If 𝜃𝜃 has 
a non informative prior 

𝑓𝑓(𝜃𝜃) = 𝜃𝜃−1 

Then the posterior density of 𝜃𝜃 given 𝜔𝜔′ will be 

𝑓𝑓(𝜃𝜃|𝜔𝜔′) ∝ 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝜔𝜔′,𝑖𝑖) 

And the predictive of  𝜔𝜔′′ given 𝜔𝜔′ is 

𝜈𝜈(𝜔𝜔′′|𝜔𝜔′) =
Γ(ω′ + ω′′)
Γ(𝜔𝜔′)𝜔𝜔′′!

�
𝑖𝑖

𝑖𝑖 + 𝑘𝑘
�
𝜔𝜔′
�

𝑘𝑘
𝑖𝑖 + 𝑘𝑘

�
𝜔𝜔′′

 

The index of satisfaction is then expressed as: 

𝜙𝜙(𝜔𝜔′′) = �

0                                      𝑖𝑖𝑓𝑓     𝜔𝜔′′ < 𝑞𝑞0 

� 𝑒𝑒−𝑘𝑘𝜃𝜃0
(𝑘𝑘𝜃𝜃0)
𝑒𝑒!

𝜔𝜔′′−1

𝑠𝑠=0

                   𝑖𝑖𝑓𝑓   𝜔𝜔′′ ≥ 𝑞𝑞0      
 

Where  

𝑞𝑞0 = 𝑖𝑖𝑖𝑖𝑓𝑓 �𝑒𝑒;�𝑒𝑒−𝑘𝑘𝜃𝜃0
(𝑘𝑘𝜃𝜃0)
𝑒𝑒!

𝑢𝑢−1

𝑠𝑠=0

≥ 1 − 𝛼𝛼 � 

And the prediction of satisfaction is given by: 
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π(ω′) = � � � 𝑒𝑒−𝑘𝑘𝜃𝜃0
(𝑘𝑘𝜃𝜃0)
𝑒𝑒!

𝜔𝜔′′−1

𝑠𝑠=0

 �
∞

ω′′=q0

𝜈𝜈(𝜔𝜔′′|𝜔𝜔′) 

= � � � 𝑒𝑒−𝑘𝑘𝜃𝜃0
(𝑘𝑘𝜃𝜃0)
𝑒𝑒!

𝜔𝜔′′−1

𝑠𝑠=0

 �
Γ(ω′ + ω′′)
Γ(𝜔𝜔′)𝜔𝜔′′!

�
𝑖𝑖

𝑖𝑖 + 𝑘𝑘
�
𝜔𝜔′
�

𝑘𝑘
𝑖𝑖 + 𝑘𝑘

�
𝜔𝜔′′

 
∞

ω′′=q0

 

3.2.Gamma distribution 

Let us suppose that 𝑋𝑋′𝑖𝑖  (1 ≤ 𝑖𝑖 ≤ 𝑘𝑘) and 𝑋𝑋′′𝑖𝑖  (1 ≤ 𝑖𝑖 ≤ 𝑖𝑖) 
are i.i.d. normal random variables of Gamma distribution 
𝐺𝐺(𝑝𝑝,𝜃𝜃) where 𝜃𝜃  is unknown and 𝑝𝑝 is known. Then, 𝜔𝜔′ =
∑ 𝑋𝑋′𝑖𝑖𝑘𝑘
𝑖𝑖=1  have a Gamma distribution 𝐺𝐺(𝑘𝑘𝑝𝑝,𝜃𝜃 ) and 𝜔𝜔′′ =

∑ 𝑋𝑋′′𝑖𝑖𝑛𝑛
𝑖𝑖=1  have a Gamma distribution𝐵𝐵(𝑖𝑖𝑝𝑝,𝜃𝜃 ). Let be 𝐾𝐾 =

𝑘𝑘𝑝𝑝 and 𝑁𝑁 = 𝑖𝑖𝑝𝑝 . 
If 𝜃𝜃 has a non informative prior 𝑓𝑓(𝜃𝜃) = 𝜃𝜃−1 . Then the 
posterior density of 𝜃𝜃 given 𝜔𝜔′ will be:  

𝑓𝑓(𝜃𝜃|𝜔𝜔′) ∝ 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝐾𝐾,𝜔𝜔′) 

And the predictive of  𝜔𝜔′′ given 𝜔𝜔′ is: 

𝜈𝜈(𝜔𝜔′′|𝜔𝜔′) =
1

𝛽𝛽(𝑁𝑁,𝐾𝐾)
(𝜔𝜔′′)𝑁𝑁−1(𝜔𝜔′)

(𝜔𝜔′′ + 𝜔𝜔′)𝑁𝑁+𝐾𝐾

𝐾𝐾

 

The index of satisfaction is then expressed as: 

𝜙𝜙(𝜔𝜔′′)

= �
0                                          𝑖𝑖𝑓𝑓     𝜔𝜔′′ < 𝑞𝑞0 

𝐹𝐹(𝜔𝜔′′) = �
(𝜃𝜃0)𝑁𝑁

Γ(𝑁𝑁) 𝑡𝑡
𝑁𝑁−1𝑒𝑒−𝑡𝑡𝜃𝜃0𝑑𝑑𝑡𝑡

𝜔𝜔′′

0
    𝑖𝑖𝑓𝑓   𝜔𝜔′′ ≥ 𝑞𝑞0      

 

Where 𝐹𝐹(𝑞𝑞0) = 1 − 𝛼𝛼. 
And the prediction of satisfaction is given by: 

π(ω′) = � ��
(𝜃𝜃0)𝑁𝑁

Γ(𝑁𝑁) 𝑡𝑡
𝑁𝑁−1𝑒𝑒−𝑡𝑡𝜃𝜃0𝑑𝑑𝑡𝑡

𝜔𝜔′′

0
 �

∞

q0
𝜈𝜈(𝜔𝜔′′|𝜔𝜔′)d𝜔𝜔′′ 

= � ��
(𝜃𝜃0)𝑁𝑁

Γ(𝑁𝑁) 𝑡𝑡
𝑁𝑁−1𝑒𝑒−𝑡𝑡𝜃𝜃0𝑑𝑑𝑡𝑡

𝜔𝜔′′

0
 �

1
𝛽𝛽(𝑁𝑁,𝐾𝐾)

(𝜔𝜔′′)𝑁𝑁−1(𝜔𝜔′)
(𝜔𝜔′′ + 𝜔𝜔′)𝑁𝑁+𝐾𝐾

𝐾𝐾∞

q0
d𝜔𝜔′′ 

 This can be estimated numerically. 

3.3. Gaussian model 

 We will interest ourselves with the Gaussian model 
because of its central character in experimental 
sciences and in particular for the clinical trials. The 
corresponding calculations of the prevision can be 
realizable by the Monte-Carlo methods. 

 We perform independent observations of same normal 
random variable 𝒩𝒩(𝜃𝜃,𝜎𝜎2). In all that follows, 
Φ and𝜑𝜑  (resp. 𝑇𝑇𝑛𝑛−1 and 𝑡𝑡𝑛𝑛−1) indicates the 
cumulative distribution function and the  density of the 

distribution 𝒩𝒩(0,1) respectively (resp. of the student 
distribution 𝒯𝒯1(𝑖𝑖 − 1,0,1) )  . 

 The first result; 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛), is a series of 𝑖𝑖 
observations and the second result is a series; 𝑦𝑦 =
(𝑦𝑦1,𝑦𝑦2, … , 𝑦𝑦𝑘𝑘). 

 For obvious reasons of exhaustiveness we will base all 
calculations on 𝑥𝑥 = 1

𝑛𝑛
∑ 𝑥𝑥𝑖𝑖𝑛𝑛
𝑖𝑖=1  and 𝑦𝑦 = 1

𝑘𝑘
∑ 𝑦𝑦𝑗𝑗𝑘𝑘
𝑗𝑗=1  , of 

distributions 𝒩𝒩(𝜃𝜃,𝜎𝜎12) and  𝒩𝒩(𝜃𝜃,𝜎𝜎22), respectively, 
where 𝜎𝜎12 = 𝜎𝜎2

𝑛𝑛
 and 𝜎𝜎22 = 𝜎𝜎2

𝑘𝑘
. 

 We suppose here that 𝜎𝜎2 is unknown (so 𝜎𝜎12 and 𝜎𝜎22 
). We choose as a priori distribution for (𝜃𝜃,𝜎𝜎2) the 
non-informative distribution  𝜋𝜋(𝜃𝜃,𝜎𝜎2) = 1

𝜎𝜎
 (See 

Robert, 2006). We wish to test a null assumption of 
type 𝜃𝜃 ≤ 𝜃𝜃0.  

  We use here a usual test ranging on 𝑦𝑦, whose 
critical region is ]𝑞𝑞0, +∞[, where 𝑞𝑞0 = 𝜃𝜃0 + 𝜎𝜎2𝑢𝑢𝛼𝛼+, 𝑢𝑢𝛼𝛼+ 
indicating the upper 𝛼𝛼 quartile of the standard normal 
distribution 𝒩𝒩(0,1): Φ(𝑢𝑢𝛼𝛼+) = 1 − α.The posterior 
density associated to the prior 𝜋𝜋(𝜃𝜃,𝜎𝜎2) = 1

𝜎𝜎
 and 

applied to the second phase  𝑦𝑦 = (𝑦𝑦1 ,𝑦𝑦2, … ,𝑦𝑦𝑘𝑘) is 
then: 

𝜃𝜃 �𝜎𝜎,𝑦𝑦, 𝑆𝑆22~𝒩𝒩�𝑦𝑦,
𝜎𝜎2

𝑘𝑘
�  𝐺𝐺𝑖𝑖𝑑𝑑 𝜎𝜎2� 𝑦𝑦, 𝑆𝑆22~ℐ𝒢𝒢 �

𝑘𝑘 − 1
2

,
𝑆𝑆22

2
� 

Where  𝑦𝑦 = 1
𝑘𝑘
∑ 𝑦𝑦𝑗𝑗𝑘𝑘
𝑗𝑗=1  and 𝑆𝑆22 = 1

𝑘𝑘
∑ �𝑦𝑦𝑗𝑗 − 𝑦𝑦�2𝑘𝑘
𝑗𝑗=1 . And 

the predictive density of 𝑦𝑦 given 𝑥𝑥 is given by: 

𝑓𝑓𝑥𝑥(𝑦𝑦) =
Γ �𝑖𝑖2�

√𝜋𝜋Γ �𝑖𝑖 − 1
2 �

1
𝑆𝑆1
√𝑖𝑖𝑘𝑘
√𝑖𝑖 + 𝑘𝑘 ⎝

⎜
⎜
⎛(𝑦𝑦 − 𝑥𝑥)2

𝑆𝑆12
𝑘𝑘𝑖𝑖

(𝑖𝑖 + 𝑘𝑘)

+ 1

⎠

⎟
⎟
⎞

−𝑛𝑛2

 

Where 𝑆𝑆12 = 1
𝑛𝑛
∑ (𝑥𝑥𝑖𝑖 − 𝑥𝑥)2𝑛𝑛
𝑖𝑖=1 . 

We identify a student distribution 𝒯𝒯1 �𝑖𝑖 − 1, 𝑥𝑥, 𝑆𝑆1
√𝑛𝑛𝑛𝑛
√𝑛𝑛+𝑛𝑛

�. 

Finally the prevision of satisfaction is: 
 

𝜋𝜋(𝑥𝑥) = � Φ�
y − 𝜃𝜃0

S2
√k

�
+∞

𝑞𝑞0

×
Γ �𝑖𝑖2�

√𝜋𝜋Γ �
𝑖𝑖 − 1

2 �

1
𝑆𝑆1
√𝑖𝑖𝑘𝑘
√𝑖𝑖 + 𝑘𝑘 ⎝

⎜
⎜
⎛(𝑦𝑦 − 𝑥𝑥)2

𝑆𝑆12
𝑘𝑘𝑖𝑖

(𝑖𝑖 + 𝑘𝑘)

+ 1

⎠

⎟
⎟
⎞

−𝑛𝑛2

𝑑𝑑𝑦𝑦   

3.3.1. Monte Carlo’s Method 

 In order to carry out the calculation of 𝜋𝜋(𝑥𝑥) using 
a Monte Carlo method, and by change of variable, we 
rewrite it in the following form: 
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𝜋𝜋(𝑥𝑥) = [1 − 𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+)]� Φ�
z − 𝐺𝐺
γ

�
+∞

−∞
 

×
𝑡𝑡𝑛𝑛−1(𝑧𝑧)

1 − 𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+) 𝕝𝕝�𝑎𝑎+𝛾𝛾𝑢𝑢𝛼𝛼+,+∞�𝑑𝑑𝑧𝑧 

Where 𝐺𝐺 = √𝑛𝑛−1
𝑆𝑆′1

(𝜃𝜃0 − 𝑥𝑥) , 𝛾𝛾 = √𝑖𝑖 − 1 𝑆𝑆′2
𝑆𝑆′1

 with         

𝑆𝑆′1 = 𝑆𝑆1

� 𝑛𝑛𝑛𝑛
𝑛𝑛+𝑛𝑛

, 𝑆𝑆′2 = 𝑆𝑆2
√𝑘𝑘

  and 𝑡𝑡𝑛𝑛−1(𝑧𝑧)
1−𝑇𝑇𝑛𝑛−1�𝑎𝑎+𝛾𝛾𝑢𝑢𝛼𝛼+�

𝕝𝕝�𝑎𝑎+𝛾𝛾𝑢𝑢𝛼𝛼+,+∞� is the 

probability density 𝒬𝒬 deduced from the cumulative 
distribution function of the student distribution by 
conditioning by the event [𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+, +∞[. 
The Monte Carlo method then consists in approaching 
𝜋𝜋(𝑥𝑥)by: 

[1 − 𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+)] �
1
𝑁𝑁
�Φ�

Zi − 𝐺𝐺
γ

�
𝑁𝑁

𝑖𝑖=1

� 

Where the Zi are 𝑁𝑁 realisations of the probability 𝒬𝒬. The 
pulling of the Zi proceeds in the following way: 

- 𝑈𝑈𝑖𝑖 is drawn according to the uniform distribution 
on[0,1]. 

- 𝑉𝑉𝑖𝑖 =  𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+) + �1 − 𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+)�𝑈𝑈𝑖𝑖; 
i.e., that 𝑉𝑉𝑖𝑖 follows the uniform distribution on 
[𝑇𝑇𝑛𝑛−1(𝐺𝐺 + 𝛾𝛾𝑢𝑢𝛼𝛼+), 1].  

- Zi =  𝑇𝑇−1𝑛𝑛−1( 𝑉𝑉𝑖𝑖), i.e., that  Zi follows the 
distribution 𝒬𝒬. 

3.3.2. Result’s representation : 

 One will find below the representative curves of 𝜋𝜋 
as a function of the number of Monte Carlo samples. We 
have considered only the case 𝜃𝜃0 = 0 and in the first as in 
the second sample, the observations are of the same unit 
variance 𝜎𝜎2 = 1, considering that a modification of 𝜃𝜃0 and 
𝜎𝜎2 will only result in a translation. We have considered the 
two cases:  when 𝛼𝛼 = 0.05 𝐺𝐺𝑖𝑖𝑑𝑑 𝛼𝛼 = 0.01. In other hand, 
we have taken 𝑘𝑘 = 30 and  𝑖𝑖 = 40 𝑜𝑜𝑜𝑜 𝑖𝑖 = 50. 

- The graphs (1- 2) represent the prevision of 
satisfaction when 𝛼𝛼 = 0.05. The first one is for 
𝑖𝑖 = 40 and the second is for 𝑖𝑖 = 50. We see 
clearly that the satisfaction augment with 𝑖𝑖. 

- The graphs (3- 4) represent the prevision of 
satisfaction when  𝛼𝛼 = 0.05, also for 𝑖𝑖 =
40 𝐺𝐺𝑖𝑖𝑑𝑑 𝑖𝑖 = 50 respectively. We observe the 
same remark but the values are reduced. 

-  

 
Fig. 1: Convergence of a Monte Carlo sequence for the 

predictive index of satisfaction based on 1000 iterations, 
for 𝛼𝛼 = 0.05 𝐺𝐺𝑖𝑖𝑑𝑑 𝑖𝑖 = 40. 

 
Fig. 2: Convergence of a Monte Carlo sequence for the 
predictive index of satisfaction based on 1000 iterations 
for 𝛼𝛼 = 0.05 𝐺𝐺𝑖𝑖𝑑𝑑 𝑖𝑖 = 50. 

 
Fig. 3: Convergence of a Monte Carlo sequence for the 
predictive index of satisfaction based on 1000 iterations 
for 𝛼𝛼 = 0.01 𝐺𝐺𝑖𝑖𝑑𝑑 𝑖𝑖 = 40. 
 

 
Fig. 4: Convergence of a Monte Carlo sequence for the 
predictive index of satisfaction based on 1000 iterations  
𝛼𝛼 = 0.01 𝐺𝐺𝑖𝑖𝑑𝑑 𝑖𝑖 = 50. 
 

CONCLUSION  

 The main object of this paper is to chow the important 
role of the Bayesian predictive procedure applied to a 
family of limited indices of satisfaction introduced by H. 
Merbet (2004) which was the generalization of the 
“rudimentary” index of satisfaction considered by Grouin  
(1994). 

The methodology is useful in two-steps testing procedures, 
such as those considered in the clinical trials context. The 
result of the first step is used to decide if the experiment 
will be continued. Given the posterior distribution derived 
from the available data, the prevision of satisfaction is 
defined like the predictive expectation of the index of 
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satisfaction for the future sample ( the interpretation of the 
index being left to the expert). We consider different cases 
of the application of the proposed procedure with a non-
informative prior.  

Bayesian clinical trial simulation is a generic tool that can 
compute the predictive satisfaction for any trial result, 
whether that is based on a Bayesian analysis of the data, 
frequentist significance tests or a formal decision analysis 
such as a decision by a health care provider to put a drug in 
the market. In our paper, we have taken an inferential 
problem related to the Gaussian model. 
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